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(Stredný) počet čast́ıc v štatistickej fyzike

Grandkánonický súbor
⇒ systém si vymieňa častice s rezervoárom (heatbath)

(suma cez ∀ stavy)
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∑
i

NiPi =

∑
i Niwi∑
i wi
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T

Z
=
∂ lnZ

∂ µT

Relativistický systém:

možnost’ tvorby párov častica+antičastica

klasifikácia stavov podl’a zachovávajúceho sa kvantového č́ısla
(napŕıklad B, zachováva sa v mikroskopických procesoch)

systém si vymieňa s rezervoárom zachovávajúci sa náboj

〈B〉 =
∂ lnZ

∂ µBT
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Vyš̌sie momenty rozdelenia (netto) počtu čast́ıc

vyš̌sie derivácie lnZ

∂2 lnZ

∂
( µ
T

)2
= 〈N2〉 − 〈N〉2 = µ2 = κ2 = σ2 = VT 3χ2

∂3 lnZ

∂
( µ
T

)3
= 〈N3〉 − 3〈N2〉〈N〉+ 2〈N〉3 = µ3 = κ3 = VT 3χ3

∂4 lnZ

∂
( µ
T

)4
= 〈N4〉 − 4〈N3〉〈N〉 − 3〈N2〉2 + 12〈N2〉〈N〉2 − 6〈N〉4

= µ4 − 3µ2
2 = κ4 = VT 3χ4

centrálne momenty rozdelenia µi , kumulanty rozdelenia κi , susceptibility χi
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Korelácie rôznych nábojov

vyš̌sie derivácie lnZ podl’a rôznych chemických potenciálov

∂ i+j+k lnZ

∂
(µB
T

)i
∂
(µS
T

)j
∂
(µQ

T

)k = VT 3χB,S ,Q
i ,j ,k

Napŕıklad
∂2 lnZ

∂
(µB
T

)
∂
(µS
T

) = 〈BS〉
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Ďaľsie charakteristiky rozdelenia

Koeficient šikmosti (skewness)

S =
κ3

κ
3/2
2

=
µ3

σ3

Koeficient špicatosti

κ =
κ4

κ2
2

=
µ4

µ2
2

− 3
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Fázový diagram silno interagujúcej hmoty
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µB

Zrážky pri rôznych energiách sondujú
rôzne miesta vo fázovom diagrame.

Netto baryónová hustota
parametrizovaná chemickým
potenciálom

ρB
ρB̄
∝ exp

(
2µB
T

)

Miliónová otázka: kde je kritický bod?

Kritický bod – fázový prechod druhého druhu.
V okoĺı kritického bodu očakávame vel’ké fluktuácie (baryónového č́ısla).
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Fluktuácie a fázový diagram

Pŕıklad: susceptibility v Isingovom modeli (rovnaká trieda univerzality)
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FIG. 1. Upper panel: κ2,3,4(H) at fixed t > 0. Lower panel:
the Ising model phase diagram with Line A the maximum of
κ3 (also κ4 = 0), and Line B the maximum of κ4. The curved
lines are example freeze-out lines, drawn to model how they
may pass through the scaling region in QCD.

leading, model-dependent, analytic contributions. Our
strategy is to draw a few generic freeze out lines, de-
picted in the lower panels of Fig. 2 and Fig. 1, then ask
whether there are common features of susceptibilities on
those lines. In Fig. 1, we assume that the freeze out line
is a function of t. Going from high to low t, the sim-
plest case is FO1, which crosses lines A and B once each.
The corresponding κ4-κ3 curve is shown in Fig. 3 with
the curve going anti-clockwise forming a “banana” shape
from high to low t. This figure shows the ordering

tmin,κ4 > tmax,κ3 > tmax,κ4 > 0 , (5)

necessarily arises from the derivative relation between the
κn and κn+1. All features occur at temperature higher
than the critical point temperature. As the fluctuations
become larger closer to the CEP , the closer the freeze
out line to the CEP , the larger and more elongated the
banana is.

In Fig. 1, we also consider a freeze out line FO2 that

FIG. 2. Upper left (right): density plot of κ3 (κ4) in the Ising
model. Regions of κi > 0 are in blue and κi < 0 are in red.
The dotted (black) line is the same as Line A in Fig. 1 and dot-
dashed (red) line the same as Line B. Lower panel: A sketch of
the peaks in χ3 and χ4 on a plausible phase diagram of QCD
together with a hypothetical freeze-out line. Comparison to
the location of the maxima in χ3 and χ4 in Fig. 1 suggests how
the freeze-out line may be mapped into the Ising coordinates.

crosses line B twice. The corresponding κ4-κ3 plot in Fig.
3 also has the banana shape but has two local maximum
peaks in κ4. Those features remain when one plots m2-
m1 instead of κ4-κ3 since κ2 changes slowly when κ3(4)

changes rapidly.

One can draw other possible freeze out lines, but the
feature of an anti-clock wise loop remains, provided the
line remains in the H < 0 half-plane as is physically
sensible for freeze-out in the hadronic phase. This can
be seen from the fact that at high t, the freeze out line
can start from the regime above line A, between lines A
and B, or below line B, while at low t, it goes below line
B. This implies these freeze out lines at high and low t
will look very similar to FO1 and FO2 in Fig. 3 near the
origin. This is enough to decide the loop is anti-clock
wise which is a feature in common with experiment data
[15, 16, 23].

Scenario II: CEP at T <∼ 0—As we argue above,
the banana shape in m2-m1 is due to the scaling symme-
try governed by the CEP . But could this connection be
so strong such that the banana shape is observable even
if the CEP is at T = 0 or even T < 0? One example
is high-Tc superconductors [18]. It is hypothesized that

[J.W. Chen et al.: Phys. Rev. D 95 (2017) 014038]
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Susceptibility v QCD na mriežke

Štatistická fyzika so silno interagujúcou hmotou.
Kvarkové a gluónové polia na diskrétnej a konečnej mriežke
Simulácie fungujú len pri µ2

B ≤ 0 (extrapolácia do fyzikálnych µB)

Figure 2. Results for �B
2 , �B

4 , �B
6 and an estimate for �B

8 as functions of the temperature, obtained
from the single-temperature analysis. We plot �B

8 in green to point out that its determination is
guided by a prior, which is linked to the �B

4 observable by Eq. (3.4). The red curve in each panel
corresponds to the Hadron Resonance Gas (HRG) model result.

and µQ derivatives have to be simulated directly and without the support from the fit that
we used in the µB direction. Our result on �QS

jk improved only due to the increase in the
statistics since [28].

On the other hand, baryon-strange and baryon-charge mixed derivatives do benefit
from the imaginary µB data. We simulate various �B,Q,S

i,j,k with the appropriate values of j

and k and all possible values of i so that i + j + k  4. For each group of fluctuations with
the same j and k we perform a fit analogous to the procedure described in Section 3.2.

Let’s take the example of j = 1, k = 0. Our ansatz for cross-correlators is analogous to
Eqs. (3.5)-(3.8):

�BS
01 (µ̂B) = �BS

11 µ̂B +
1

3!
�BS

31 µ̂3
B +

1

5!
�BS

51 µ̂5
B +

1

7!
�BS

71 µ̂7
B +

1

9!
�BS

91 µ̂9
B (3.9)

We truncated the expression at tenth order. The priors assume |�BS
71 | . |�BS

31 | and
|�BS

91 | . |�BS
31 |, as it is certainly true at high temperature and within the HRG model. The

– 7 –

Figure 6. Taylor expansion coefficients for B�2
B =

�B
4 (T,µ̂B)

�B
2 (T,µ̂B)

as functions of the temperature: rB,0
42

(left panel) rB,2
42 (middle panel), rB,4

42 (right panel). The latter is not obtained independently, but
by means of the prior ansatz (see text): for this reason, we plot it in green.

Figure 7. SB�3
B/MB (left panel) and B�2

B (right panel) extrapolated to finite chemical potential.
The left panel is extrapolated up to O(µ̂2

B). In the right panel, the darker bands correspond to the
extrapolation up to O(µ̂2

B), whereas the lighter bands also include the O(µ̂4
B) term.

5 Conclusions and outlook

In this manuscript, we have calculated several diagonal and non-diagonal fluctuations of
electric charge, baryon number and strangeness up to sixth-order, in a system of 2+1+1
quark flavors with physical quark masses, on a lattice with size 483 ⇥ 12. The analysis
has been performed simulating the lower order fluctuations at zero and imaginary chemical
potential µB, and extracting the higher order fluctuations as derivatives of the lower order
ones at µB = 0. The chemical potentials for electric charge and strangeness have both
been set to zero in the simulations. From these fluctuations, we have constructed ratios
of baryon number cumulants as functions of T and µB, by means of a Taylor series which
takes into account the experimental constraints hnSi = 0 and hnQi = 0.4hnBi. These ratios
qualitatively explain the behavior observed in the experimental measurements by the STAR
collaboration as functions of the collision energy.

– 12 –

[S. Borszanyi et al., JHEP 1810 (2018) 205]
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Susceptibility v hadrónovom plyne v chemickej rovnováhe

Plyn interagujúcich hadrónov = ideálny plyn hadrónov a rezonancíı.
[R. Dashen, S.-K. Ma, H.J. Bernstein, Phys. Rev. 187 (1969) 345-370]

lnZ =
∑
i

± giV

(2π)3

∫
d3p ln

[
1± exp

(
−Ei (p)− µi

T

)]
suma cez druhy čast́ıc (okolo 300 druhov rezonancíı)

µi = BiµB + SiµS + QiµQ

µS = µS(µB ,T ) , 〈S〉 = 0 , µQ = µQ(µB ,T ) , 〈Q〉 =
Z

A
〈B〉
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Figure 1: (Color online) Comparison between HRG model results
and experimental data for the most central collisions (0� 5%) (from
Refs. [9, 10]) for �2/M of net-electric charge (blue, upper symbols)
and net protons (red, lower symbols). The experimental data have
been used in the HRG model in order to extract a freeze-out tem-
perature and baryo-chemical potential for each collision energy.

of collision energy per nucleon pair
p

s (from Refs. [9, 10])
together with our results for the first choice of fluctua-
tion observables, i.e. the combined �2/M datasets. We
find that it is possible to extract, for each collision en-
ergy, a freeze-out temperature and baryo-chemical poten-
tial, which allow to simultaneously reproduce the ratios of
the lowest-order susceptibilities for net protons and net-
electric charge. The smallest collision energy we consider
is

p
s = 11.5 GeV: below this energy we expect that the

isospin randomization is not realized [24, 38, 39]. We note
that for the determination of these freeze-out parameters
the inclusion of the KA-corrections for �2/M of net pro-
tons, in accordance with Ref. [24], is essential.

In Fig. 2, we show the freeze-out temperature (upper
panel) and baryo-chemical potential (lower panel) corre-
sponding to this set of analyzed cumulant ratios, as func-
tions of

p
s. The precision in the experimental results

allows a rather precise determination of these parameters.
The error bars shown in Fig. 2 are based on HRG model
calculations using the upper and lower uncertainty limits
in the experimental data. Our values for Tch are lower
than those found in Ref. [28]: even for the highest RHIC
energies, our results are close to the lower bound for Tc

determined in lattice QCD simulations [2]. This is evident
in Fig. 3, where we show a comparison between the freeze-
out points in the (T � µB) plane obtained in the present
analysis and the curve of Ref. [28].

Using these freeze-out conditions, we now proceed to
calculate the higher-order susceptibility ratios �3/�2 and
�4/�2 for net protons and net-electric charge. The results
are shown in the di↵erent panels of Fig. 4 in comparison
with the experimental data. It is evident that, with the
obtained freeze-out conditions, one can reproduce all ex-
perimental results for the net-electric charge fluctuations
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Figure 3: (Color online) Freeze-out parameters in the (T � µB)
plane: comparison between the curve obtained in Ref. [28] (red band)
and the values obtained from the combined analysis of �2/M for net-
electric charge and net protons (blue symbols) presented here.

(left panels). As already mentioned, the agreement be-
tween our results and the experimental data for the net-
proton S� becomes less accurate with decreasing collision
energy (upper right panel). For �2, our HRG model can-
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[P. Alba et al.,
Phys. Lett. B 738 (2014) 305]
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Susceptibility v nerovnovážnom hadrónovom plyne

po chemickom vymrznut́ı druhy čast́ıc interagujú a majú vlastné chemické
potentiály:

chemické potentiály pre každý stabilný druh čast́ıc

rezonancie: µR =
∑

i Ni ,Rµi , (suma cez stabilné druhy hadrónov)

⇒ Pepa Uchytil
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Fluktuácie počtu baryónov: meranie

baryóny sa nedajú merat’

protóny sú náhradou
rýchle izospinové premiešanie: protóny sú ok

baryónové č́ıslo sa v malom systéme zachováva

objem vzniknutej hmoty fluktuuje

fireball mimo akceptanciu funguje ako rezervoár
vplyv malého objemu treba vziat’ do úvahy

efektivita detektora nie je dokonalá
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Fluktuácie počtu protónov: dáta

Grazyna Odyniec/LBNL - CPOD 2018, September 2018, Corfu, Greece 23Oct. 	st 24 / 
9         Xiaofeng Luo�#�Quark Matter 2015

Energy Dependence of Moments of Net-proton Distributions 

Net-proton as proxy for net-baryon. �
!  Non-monotonic trend is observed  
for the 0-5% most central Au+Au 
collisions. 
 
!  Separation and flipping for the  
results of 0-5% and 5-10% centrality 
are observed at 14.5 and 19.6 GeV. 
( Oscillation Pattern observed ��
Very Interesting !) 

!  UrQMD (no CP) results show 
suppression at low energies� 
Consistent with the effects of baryon 
number conservation.�

Jochen Thaeder, Mon, 14:30pm, [153] 
Xiaofeng Luo, CPOD2014. 
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UrQMD

�2 = h(N � hNi)2i
S = h(N � hNi)3i/�3

 = h(N � hNi)4i/�4 � 3

Higher moments in BES-I
Excitation function for net-proton high moments (ks2) in 5% most central Au+Au

- Non-monotonic behavior
- Peripheral collisions – smooth trend
- UrQMD (no CP): shows suppression at low energies 

which is due to baryon number conservation

Will the oscillation pattern emerge at lower energies ?
FXT data

STAR, PRL 112 (2014) 032302, CPOD2014, QM2015

M.A.Stephanov, PRL 107, 052301 (2011)

[STAR, PRL 112 (2014) 032302,
CPOD2014, QM2015]

Obrovský nárast koeficientu
špicatosti pri ńızkych zrážkových
energiách.
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Referenčné hodnoty: simulácia Monte Carlo

baryónové č́ıslo sa zachováva

v simulácii len protóny a neutróny (a ich antičastice)

len (fluktuujúca) čast’ pŕıchodźıch nukleónov sa zúčastňuje zrážky

izospin udretých nukleónov sa zachováva

udreté nukleóny majú dvojité normálne rozdelenie v rapidite
počet protónov z tohto zdroja fluktuuje, kvôli

fluktuáciám počtu udretých nukleónov
náhodnému počtu protónov spomedzi udretých nukleónov
obmedzenej akceptancii z celého rozdelenia v rapidite

dodatočne produkované páry BB̄ s plochým rozdeleńım v rapidite
počet (netto) protónov z tohto zdroja fluktuuje kvôli:

Poissonovským fluktuáciám počtu BB̄, stredná hodnota úmerná Nwound

náhodnému priradeniu protónov a antiprotónov (p = 1/2)
obmedzenej akceptancii z celého rozdelenia v rapidite

⇒ zloženie zranených/produkovaných protónov záviśı na
energii, centralite a okne v rapidite
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Rozdelenie zranených nukleónov v rapidite

dNw

dy
(y) =

Nw

2
√

2πσ2
y

{
exp

(
−(y − ym)2

2σ2
y

)
+ exp

(
−(y + ym)2

2σ2
y

)}

Parametre:

σy = 0.8

ym źıskané a

Np−p̄ =
Z

A

∫ yb

−yb

dNw

dy
dy

kde
Np−p̄ in |y | < yb = 0.25
sa vzalo z merańı STAR:

PRC79 (2009) 034909,
PRC96 (2017) 044904
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Ilustrácia pre: ym = 1, dy = 0.8
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Rozdelenie produkovaných párov NN̄ v rapidite

dNBB̄

dy
= NBB̄

C

1 + exp
(
|y |−ym

a

)
Parametre:

C =
(
2a ln

(
eym/a + 1

))−1

a = σy/10

počet NBB̄ źıskané z

Np̄ =
1

2

∫ yb

−yb

dNBB̄

dy
dy

kde
Np̄ in |y | < yb = 0.25
je z merańı STAR:

PRC79 (2009) 034909,
PRC96 (2017) 044904
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Ilustrácia pre: ym = 1, a = 0.08
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Ďaľsie vlastnosti modelu

Určenie izospinu

Zranené nukleóny si pamätajú svoj izospin. (možno vypnút’)

v takom pŕıpade hypergeometrické rozdelenie počtu zranených
protónov

produkovaný nukleón je protónom s pravdepodobnost’ou 1/2

Glauber Monte Carlo

použité GLISSANDO 2
[M. Rybczyński et al., Comp. Phys. Commun. 185 (2014) 1759]

centralita určená deponovanou mierkou energie (analogicky k
experimentu)
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Rozcvička: zachovanie baryónového č́ısla

Momenty rozdelenia počtu baryónov okolo strednej rapidity
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Nw = 338, NBB̄ = 16.94, ym = 1.019, 5× 107 udalost́ı
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Netto počet protónov: závislost’ na š́ırke okna v rapidite

Momenty rozdelenia netto počtu protónov v okoĺı strednej rapidity
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Závislost’ na ∆y : fixované Nw vs. Glauber MC

Momenty rozdelenia p − p̄ v okoĺı y = 0
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Závislost’ na ∆y : fixované Nw vs. Glauber MC

Momenty rozdelenia p − p̄ v okoĺı y = 0: pribĺıženie pokrytia detektorom

 0

 10

 20

 30

 40

 50

 60

 70

 0  0.5  1  1.5  2

µ
1

∆y

 4

 6

 8

 10

 12

 14

 16

 18

 20

 22

 0  0.5  1  1.5  2
µ

3
∆y

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.5  1  1.5  2

S
σ

∆y

Glauber MC
fixed Nw

 5

 10

 15

 20

 25

 30

 35

 40

 45

 50

 0  0.5  1  1.5  2

µ
2

∆y

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 0  0.5  1  1.5  2

µ
4

∆y

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

 0

 0.5

 1

 0  0.5  1  1.5  2

κ
σ

2

∆y

Nw = 338, NBB̄ = 16.94, ym = 1.019, 2× 107 udalost́ı,
Glauber MC: 1.2× 106 udalost́ı
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Počet netto protónov: závislost’ na rapidite

Momenty rozdelenia p − p̄ pre ∆y = 0.5
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Počet netto protónov: závislost’ na rapidite

Momenty rozdelenia p − p̄ pre ∆y = 0.5: pribĺıženie pokrytia detektorom
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Závislost’ na rapidite pre rôzne energie zrážky

Fixované Nw = 338, NBB̄ = 16.94, ym = 1.019, 2× 107 udalost́ı,
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Netto počet protónov: závislost’ na centralite

√
sNN = 19.6 GeV: ym = 1.019, NBB̄/Nw = 0.050

Štatistika: 2× 107 pre fixované Nw , ∼ 5× 105 pre Glauber MC
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Sσ a κσ2 sú nižšie v centrálneǰśıch zrážkach, ak si udreté nukleóny
pamätajú svoj izospin.
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Netto počet protónov: závislost’ na energii zrážky

rapiditný interval ∆y = 0.5 okolo y = 0
Štatistika: 2× 107 udalost́ı pre fixované Nw ,
1.2× 106 udalost́ı pre Glauber MC
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Dôležitost’ produkovaných párov BB̄ rastie s rastúcou energiou.
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Vývoj rozdelenia multiplicity po chemickom vymrznut́ı

[Radka Sochorová]

V tejto štúdii: proces a1 + a2 ↔ b1 + b2

b1, b2 zachovávajú náboj U(1)

napŕıklad produkcia podivnosti π + N ↔ K + Λ

n je počet párov b1, b2

Riadiaca rovnica pre vývoj rozdelenia multiplicity:

dPn

dt
=

G

V
〈Na1〉〈Na2〉 [Pn−1 − Pn]− L

V

[
n2Pn − (n + 1)2Pn+1

]
{vytvorenie páru b} – {anihilácia páru b}
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Zdanlivá teplota vymrznutia

V prudko chladnúcom fireballe sa rozdelenie multiplicity vyv́ıja
nerovnovážne

Štatistické momenty rôznych rádov zdanlivo ukazujá na rôzne teploty.
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Zhrnutie

Meranie rôznych momentov rozdelenia multiplicity nesie zauj́ımavú
informáciu o stave hmoty v rámci fázového diagramu.

Zauj́ımavé sú aj korelácie medzi multiplicitami rôznych kvantových
nábojov.

Pri interpretácii dát treba zahrnút’ viacero iných možných vplyvov.

zachovanie baryónovh́o č́ısla
fluktuácie objemu
obmedzen’a akceptancia
hadrónový plyn v chemickej nerovnováhe
nerovnovážny vývoj rozdelenia multiplicity
. . .
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