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“Hydrodynamics works”
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This is a typical plot showing a good
reproduction of experimental flow
measurements in the hydrodynamic
approach, taken from:

ALICE collaboration, Phys. Rev. Lett.
123,142301 (2019)
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The starting point: Fermi model for high energy NN collisions (1950)
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Progress of Theoretical Physics, Vol. 5, No.4, July-August, 1950' 

High Energy Nuclear Events 
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bzstitute lor Nuclear Studies 

UlliverJity 01 Chicago 
Chicago, Illinois 

(Received June 30, 1950) 

Abstract 

A statistical method for computing high enetgy collisions of protons with multiple production' 
01 particles is discussed. The method consists in assuming that as a result of fairly strong inter
actions between nucleons and mesons the probauilities of formation of the various possible 
numbers of particles are determined essentially by the statistical weights of the various possibilities. 

1. Introduction. 

The meson theory has been a dominant factor in the development of physics 
since it was announced fifteen years ago by Yukawa. One of its outstanding 
achievements has been the prediction that mesons should be produced in high 
energy nuclear collisions. At relatively low energies only one meson can be 
emitted. At higher energies multiple emission becomes possible. 

In this paper an attempt will be made to develop a crude theoretical approach 
for calculating the outcome of nuclear collisions with very great energy. In 
particular, phenomena in ,,,hich two colliding nucleons may give rise to several 
"-mesons, briefly called hereafter pions, and perhaps also to some anti-nucleons, 
will be discussed. 

In treating this type of processes the conventional perturbation theory solution 
of the production and destruction of pions breaks down entirely. Indeed. the 
large value of the interaction constant leads quite commonly to situations in which 
higher approximations yield larger results than do lower approximations. For 
this reason it is proposed to explore the possibilities of a method that makes use 
of this fact. The general idea is the following: 

\Vhen two nucleons collide with very great energy in their center of mass 
system this energy wiII be suddenly released in a small volume surrounding the 
two nucleons. We may think pictorially of the event as of a collision in which 
the nucleons with their surroundil1g retinue of pions hit against each other so 
that all the portion of space occupied by the nucleons and by their surrounding 
pion field will be suddenly loaded with a very great amount of energy. Since 

Secondary particles are created in the Lorentz contracted volume V = 4π

3 a3 2Mc2√
s ,

where a = h̄/µc is the size of nucleon meson cloud.

Particles are born in statistical equilibrium (because of strong interaction and small
volume), and immediately escape in a “frozen state”.

The angular distribution of produced pions and nucleons is essentially isotropic.
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Hydro introduced: Landau model

Izv. Ak. Nauk SSSR,
Ser. Fiz., 17, 51 (1953)
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Hydro introduced: Landau model

SUPPLEMENTO AL VOLUME I I I ,  SERIE X N. 1, 1 9 5 6  

D]~L I~UOVO CIMENTO 1 ~ S e m e s t r e  

Hydrodynamic Theory of Multiple Production o! Particles. 

S. Z. BELEN'KJI and L. D. LANDAU 

Institute o] Physical Problems of the Academy o] Sciences o] the USSE - Moscow 
Institute of Physics of the Academy o] Sciences of the USSR - Moscow 

C o ~ s .  - -  1. Introduction. - 2. Termodynamic relationships in the 
break-up. - 3. Total number of particles. - 4. Energy and angular 
distribution of particles. - 5. Collisions of particles of different masses. 

1 .  - I n t r o d u c t i o n .  

I t  is known exper imenta l ly  t h a t  in the  collision of very  fas t  particles,  a 
large n u m b e r  of new particles is created (nuclear events). F E ~  [1,2] ~dvanced 

the  idea of using t h e r m o d y n a m i c  methods  in invest igat ing the process of ve ry  
high-energy collision. The basic postulates  of his t h e o r y  are the  following. 

1) When  two ve ry  fas t  nucleons collide the  energy, in the  center  of mass  

system, is released in a ve ry  small  vo lume V. As the  nuclear  in terac t ion  is 

Yery grea t  and  the  volume small, the  energy dis t r ibut ion will be de termined b y  
stat ist ical  laws. This permits  to examine the  collision of high-energy part icles 
wi thout  using any  par t icular  theory  of nuclear interact ion.  

2) The volume V in which the energy is released is determined by  the di- 

mensions of the  nucleon meson cloud, whose radius  is of the order hi#c, 

where # is the  pion (~-meson) mass. Bu t  since the  nucleons move  a t  high 

velocity, the  meson cloud surrounding them undergoes Lorentz  contract ion 

in the direction of the  nueleon's  motion.  Thus, the  volume will be of the  
order of magni tude  

(1) v =  3 \/~c] E '  ' 

where M is the  nucleons mass,  and  E '  is the  to ta l  energy o f  the two colliding 
nucleons in the center of mass system. 

Nuovo Cimento Suppl.,
Vol. 3, 15 (1956)

Massive critisizm of Fermi’s model!

Causality problems for noncentral collisions

The initial volume V expands (hydrodynamically!)

As the mean free path becomes comparable to the system size, it disintegrates into
separate particles.
This happens when T ≈ µ, the pion mass.

Iurii Karpenko, Relativistic hydrodynamics and its application to relativistic heavy ion collisions 6/55



Some further developments

Hagedorn ’1968:
Bootstrap model, “maximal temperature of hadronic matter”

Chapline, Johnson, Teller, Weiss ’1973

Bondorf, Garpman, Zimanyi ’1977:
Fe+Ag, U+U reactions with Elab = 400 MeV (LBNL),
peaks in d2σ/dεdΩ which shift to higher energies for more forward angles
(see Fig.).
“As a final remark, one can conclude that a case for hydrodynamics, if any,
will most likely be found in collisions between big and energetic heavy ions.”

Siemens, Rasmussen ’1979:
formulation of Blast-Wave (hydro-inspired)
model
Ne+NaF reactions with Elab = 800 MeV

...and many more
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Why?

- Because it describes A LOT of observables in heavy ion
collision experiments.
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Some examples of “hydro vs experiment”

C. Gale et al, Phys.Rev.Lett. 110, 012302(2012)
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Also serves as a background for:

photon, dilepton production

heavy quark propagation

fluid-jet interaction
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“Radial flow”: the most basic signature of collective expansion

Notice the shoulder-like structure in the proton pT spectrum.
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Radial flow in central gold-gold collisions at RHIC

Top left plot: transverse momentum distributions of pions and protons
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Shen, Heinz, Huovinen, Song, Phys. Rev. C 82, 054904 (2010)
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The elliptic flow (Ollitrault’92)

PHYSICAL REVIEW D VOLUME 46, NUMBER 1 1 JULY 1992

Anisotropy as a signature of transverse collective flow

Jean- Yves Ollitrault
Seruice de Physique Theorique, Centre d'Etudes de Saclay, F 911-91Gif sur Yu-ette CEDEX, France

(Received 19 February 1992)

We show that anisotropies in transverse-momentum distributions provide an unambiguous signature
of transverse collective flow in ultrarelativistic nucleus-nucleus collisions. We define a measure of the
anisotropy from experimental observables. The anisotropy coming from collective effects is estimated
quantitatively using a hydrodynamical model, and compared to the anisotropy originating from finite
multiplicity fluctuations. We conclude that collective behavior could be seen in Pb-Pb collisions if a few
hundred particle momenta were measured in a central event.

PACS number(s): 25.75.+r, 12.38.Mh, 24.60.Ky, 47.75.+f

I. INTRODUCTION

It is a crucial issue in ultrarelativistic heavy-ion col-
lisions whether or not thermal equilibrium is achieved
during the collision. If thermalization occurs, collective
effects should play an important role in the subsequent
evolution of the system. They have been sought for in
transverse-momentum distributions, but no definite con-
clusion has been drawn so far. In this paper, we propose
a signature of transverse collective flow based on a global
event-by-event analysis. The same type of analysis has
been carried out to test hydrodynamic behavior at lower
energies [1]: from the measured final momenta, one con-
structs the kinetic-energy flow tensor or sphericity tensor.
The eigenvector associated with the largest eigenvalue of
this tensor corresponds to the direction of maximum en-
ergy flow, and its angle with the collision axis is called
the flow angle. A correlation is seen experimentally be-
tween the fiow angle and the multiplicity [2] (or,
equivalently, the impact parameter) which is interpreted
as coming from collective flow. In this article, we show
that a suitably modified sphericity tensor analysis is still
relevant at ultrarelativistic energies.

In Sec. II, we recall briefly the definition and the main
properties of the usual sphericity tensor. We then consid-
er the ultrarelativistic limit and show that only the trans-
verse components of the sphericity tensor must be taken
into account. From these transverse components, we
define an index a characterizing the anisotropy of
transverse-momentum distributions. We show that col-
lective flow gives rise to a nonvanishing value of this in-
dex a for peripheral collisions, and that the correlation of
a with impact parameter should thus provide a signature
of collective effects. In Sec. III, we give a general discus-
sion of finite multiplicity fluctuations which also produce
anisotropy, and thus may mask collective effects. The
three following sections are devoted to a quantitative
study of how much anisotropy we should expect if collec-
tive flow is present. For this purpose, we use a hydro-
dynamical model to describe the collision. This is briefly
described in Sec. IV, where we also show how to calcu-
late anisotropy from the results of hydrodynamics. A
crucial ingredient in hydrodynamics is the equation of

II. SPHERICITY TENSOR ANALYSIS
AT ULTRARELATIVISTIC ENERGIES

A. Situation at low energy

Let us recall the main features of the analysis per-
formed at lower energies [1]. From the measured mo-
menta p( v), v= 1, ... ,M in a given collision with multipli-
city M, one constructs the sphericity tensor defined in the
center-of-mass frame as

M
SJ

= g w(v)p;(v)pj(v),
v=1

(2.1)

where p; (i =1,2, 3) is the ith component of the momen-
tum, and w(v}=1/2m is a weight chosen in such a way
that S;; is the total kinetic energy in the nonrelativistic
limit. The coordinate system is taken such that z is the
collision axis. The tensor S;- contains six independent
quantities, which correspond to the three eigenvalues f

„

f2, f3 and to three Euler angles specifying the orienta-
tion of the three orthogonal eigenvectors. However, as
we are going to show, only three parameters are relevant
to the flow analysis, which are the flow angle OF and the
eigenvalue ratios f, /f 2 and f, /f 3.

state. That of hadronic matter is poorly known at tem-
peratures 100 & T &300 MeV, and we therefore consider
various parametrizations. First we study the simplest
case, namely, a massless, noninteracting pion gas (Sec. V}.
Using a two-dimensional hydrodynamical code, we com-
pute the anisotropy index a as a function of impact pa-
rameter for given colliding nuclei. We discuss the effects
of changing the parameters of the model (thermalization
time and decoupling temperature), and consider various
colliding systems. In Sec. VI, we use other equations of
state to study how our results are affected by a change in
the speed of sound, and to study the effect of a phase
transition from a quark-gluon plasma. Finally, in Sec.
VII, we discuss under what experimental conditions the
anisotropy coming from collective behavior can be disen-
tangled from that coming from finite multiplicity fluctua-
tions.

46 229 1992 The American Physical Society

Anisotropy in the transverse momentum distribution of produced hadons is an
unambiguous signature of collective transverse flow.

It is sensitive to equation of state (EoS) of the fluid, and to the presence of 1st

order phase transition between QGP and hadronic phases.
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What is “elliptic” flow?

The participant region (orange ellipse on
the sketch at the left) may behave as:

1) non-interacting system
2) strongly interacting
system

dN
dφ

=
N
2π

[1+2v1 cos(φ)+2v2 cos(2φ)+ · · · ]
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First
√

sNN = 130 GeV RHIC results

Before RHIC start-up: two scenarios possible:

asymptotic freedom ⇒ weakly interacting system

stongly interacting system

Elliptic flow v2 in
√

sNN = 130 GeV Au-Au minimum-bias
vs hydro calculation by Kolb,Huovinen,Heinz,Heiselberg,
Phys.Lett.B500:232-240,2001
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Triangular flow

Somewhat different argument:
initial nucleon distribution is irregular ⇒ initial state triangularity ε3 ⇒
hydrodynamics ⇒ final state v3.
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Note in the middle column of the right figure: the splitting between “ideal hydro”
and “η/s = 0.16” cases is stronger for v3 than for v2 ⇒ “triangular flow is
more sensitive to shear viscosity”.
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Triangular flow (2)
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Even more impressive consequence:
hydrodynamic works not only for average but for for each initial nuclear
configuration

Iurii Karpenko, Relativistic hydrodynamics and its application to relativistic heavy ion collisions 16/55



What is hydrodynamic approach?
A 2-slide introduction to relativistic hydrodynamics

1) hydrodynamics of ideal fluid (a.k.a. “ideal hydrodynamics”)

every small element of the medium is in a complete thermal equilibrium

mean free path is zero (collision rate is infinite)

equations of motion come from local energy-momentum conservation:

∂µ T µν = 0
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Energy-momentum tensor of ideal fluid

Let’s derive it Landau way:

In the rest frame of the fluid element, for ideal fluid the Pascal law applies:

Ti j = p ·δi j

At the same time, the momentum density T 0i = 0, and the energy density T 00 = ε.

T µν

LRF =


ε 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p


Then ... in any arbitrary frame the expression for the energy-momentum tensor is:

T µν = (ε + p)uµ uν − p ·gµν

ε, p, ux, uy, uz are 5 variables whereas there are 4 hydrodynamic equations, ⇒
⇒ one needs one more relation to enclose the system, e.g. p = p(ε). It is called
the Equation of State (EoS).
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Relativistic viscous hydrodynamics
A 1-slide introduction

Now the mean free path is not zero: there is non-equilibrium
energy-momentum transfer etc.

T µν = (ε + p+Π)uµ uν − (p+Π) ·gµν︸ ︷︷ ︸
ideal part

+W µ uν +W ν uµ +π
µν︸ ︷︷ ︸

viscous corrections

in a limiting case (Navier-Stokes limit) πµν = η∇〈µ uν〉, Π =−ζ ∇α uα ,
where η and ζ are shear and bulk viscosities, respectively.

There is a microscopic scale lmicro ∝ τπ (relaxation time of the local shear
stress tensor to its Navier-Stokes value), an usual ansatz is τπ = 5η/(ε + p)

because of the microsopic scale, now there is a so-called Knudsen number:
Kn = τπ/L, where L is a macroscopic scale (e.g. inverse gradient).

Viscous corrections must not be large.
Viscous hydrodynamics is applicable when Kn� 1.
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Equations of relativistic hydrodynamics is a set of PDE, which require
the following ingredients:

Hydrodynamic
equations

Initial conditions

Equation of state

Transport
coefficients

Freeze-out procedure

Observables
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Our understanding of heavy ion collision dynamics

A heavy-ion collision

before collision

0 fm/c

pre-equilibrium

∼ 0.5 fm/c

quark-gluon-plasma

∼ 3− 5 fm/c
hadronization
hadr.rescattering

∼ 10 fm/c
freeze-out

detection

initial state
(e.g. color glass condensate)

thermalization (glasma state)

Hydrodynamics, Jet quenching, ...

Hydrodynamics
Hadronic transport

compare theory
to experiment

Björn Schenke (BNL) QM2012 8/42

Hydrodynamic
equations

Initial conditions

Equation of state

Transport
coefficients

Freeze-out procedure

Observables

source: B. Schenke
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Equations of relativistic hydrodynamics is a set of PDE, which require
the following ingredients:

Hydrodynamic
equations

Initial conditions

Equation of state

Transport
coefficients

Freeze-out procedure

Observables measure in experiment

want to study

have to guess (or study, too)

LQCD or guess
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The ingredients
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Simplest idea for the initial state: Glauber model

• Impose longitudinal boost invariance: system is infinite and uniform in rapidity.

• Zero initial transverse flow: vx = vy = vη = 0, zero initial πµν .

• Nuclear geometry implies that density is not uniform

Projectile B Target A

b zs

s-b

b
s

s-b

a) Side View b) Beam-line View

B

A

Miller et al., Ann.Rev.Nucl.Part.Sci. 57, 205 (2007)
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“Monte Carlo Glauber” model

• Nuclear geometry implies that density varies event-by-event

Miller et al., Ann.Rev.Nucl.Part.Sci. 57, 205 (2007)

There are two options:

evaluate average initial state, and evolve it

evolve many initial state ⇒ event-by-event hydro
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Models for initial conditions

Glauber: geometric model determining wounded nucleons based on the
inelastic nucleon-nucleon cross section (whole family of variants).
• Wounded quark model.

MC-KLN: Color-Glass-Condensate (CGC) based model using
kT-factorization

IP-Glasma: CGC based model using classical Yang-Mills evolution of
early-time gluon fields.

pQCD+saturation: calculate minijets using pQCD to get energy deposited
in the collision region.

Event generators: UrQMD (string/hadron), BAMPS and AMPT (partonic),
HIJING (pQCD/string), NEXUS or EPOS (pomeron picture).

So far none of these reaches equilibrium, but it has to be dialed in by hand.
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Energy-momentum tensor of ideal hydrodynamics in the local rest frame (LRF):

T µν

LRF =


ε 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p


LRF, with shear viscous corrections:

T µν

LRF =


ε 0 0 0
0 p+πxx πxy πxz

0 πyx p+πyy πyz

0 πzx πzy p+πzz


With shear viscous corrections, T xx,T yy and T zz in LRF can differ from each other,
but not a lot.
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Initial state from UrQMD

TL
xx+TL

yy+TL
zz

|TL
xx-TL

yy|+|TL
yy-TL

zz|+|TL
zz-TL

xx|

x = 6 fm, z = 0 fm
x = 2 fm, z = 0 fm
x = 0 fm, z = 0 fm

p
re

ss
u

re
 a

n
is

o
tr

o
p

y

0

1

2

t [fm/c]
0 2.5 5 10 12.5 15

Oliinychenko, Petersen, Phys. Rev. C 93, 034905

(2016)

An example: pressure anisotropy in the
initial state from UrQMD hadron/string
cascade just before switching to hydro
(thermalizing)
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Initial state from CGC

Pressure anizotropy is a serious problem here, too!

LO

CGC

Hydro

time

P
L / PT

τ0

-1

+1

LO

NLO

CGC

Hydro

time

P
L / PT

τ0

-1

+1

F. Gelis, Nucl. Phys. A 931, 73 (2014)
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Some (inconsistent) recipes to match initial state to hydrodynamics:

Take only T 00 = ε from initial state, assume zero initial velocities
(and ignore the rest of T µν from the initial state)

Take T 00, T 0i and recalculate initial energy density ε and initial velocities uµ

ini

assuming hydrodynamical EoS p = p(ε)
(and ignore T i j from the initial state)

Take T µν , find Landau frame and extract ε = T and uµ

(and ignore that T ii differ from equilibrium pressure)
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Some combinations of initial state + recipe to match to hydro

Table taken from: Oliinychenko, Petersen, Phys. Rev. C 93, 034905 (2016)
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Different models provide different shapes of initial state
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C. Gale et al, Int. J. of Mod. Phys. A, Vol. 28, 1340011 (2013)
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...and it affects observables (from the model)

C. Shen et al., J. Phys. G38, 124045 (2011)
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(1/S) dN

ch
/dy (fm

-2
)
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v
2
/ε

0 10 20 30 40
(1/S) dN

ch
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)

hydro (η/s) + UrQMD hydro (η/s) + UrQMDMC-GlauberMC-KLN
0.0

0.08

0.16

0.24

0.0
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0.24

η/sη/s

v
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{2} / 〈ε

2

part
〉
1/2

Gl

(a) (b)

〈v
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〉 / 〈ε

part
〉
Gl

v
2
{2} / 〈ε

2

part
〉
1/2

KLN

〈v
2
〉 / 〈ε

part
〉
KLN

Different initial eccentricity in from Glauber and KLN models
⇓

Different resulting elliptic flow
⇓

Factor 2 difference in ‘extracted’ η/s from comparison to experimental data!
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How well is the viscous hydrodynamic applicable in terms of Kn?

recap: Kn=micro/macro

It largely depends on the η/s(T ), initial state, a definition of Kn, and a particular
space-time region,
but here are two plots to have some impression:

20-30% central Pb-Pb collsion
at LHC

pPb with dNch/dη = 270 at LHC

Blue=good (small Kn), red=bad (not small Kn).

H. Niemi, G.S. Denicol, arXiv:1404.7327
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Equation of state

Equation of state of stronly interacting matter in full equilibrium in a box using
numerical lattice QCD calculations was available already in early noughties.

  0

  2

  4

  6

  8

 10

 12

 14

 16

100 200 300 400 500 600

T [MeV] 

ε/T
4

εSB/T
4

Tc = (173 +/- 15) MeV 

εc ~ 0.7 GeV/fm
3
 

RHIC  

LHC  

SPS  3 flavour
2 flavour

‘‘2+1-flavour’’

Karsch and Laermann, hep-lat/0305025
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Lattice QCD calculations are constantly improving, and as for now

there is a good agreement with hadron resonance gas at low temperatures

200 300 400 500
T[MeV]

0

1

2

3

4

5

6

p/
T4

HRG

HTL NNLO

lattice continuum limit SB

200 300 400 500
T[MeV]
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10

15

20 s/T
4ε/T

3

150 200 250

0.2

0.3
cs

2=dp/dε

Borsányi et al, Phys. Lett. B 370 (2014) 99-104
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Freezing out

Particles are observed. Not a fluid. ⇒ How to convert fluid into particles?

kinetic equilibrium requires
(scattering rate)

τ
−1
sc ∝σn∝σT 3

� (expansion rate)

θ=∂µ uµ

Fluid description breaks down when
τ−1

sc ≈ θ

Approximation: decoupling takes
place on a hypersurface of constant
temperature or constant energy
density. At this hypersurface,
momentum distributions of hadrons
freeze out.

A. Kisiel et al, Phys.Rev. C79, 014902 (2009).
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Cooper-Frye prescription

Approximation: decoupling takes place on a hypersurface of constant temperature
or constant energy density. At this hypersurface, momentum distributions of
hadrons freeze.

Number of particles emitted = number of particles crossing Σ:

N =
∫

Σ

dΣµ Jµ

From kinetic theory:

Jµ(x) =
∫ d3 p

p0 pµ f (x, p)

N =
∫

dΣµ

∫ d3 p
p0 pµ f (x, p) =

∫ d3 p
p0

∫
dΣµ pµ f (x, p)

⇒ p0 d3N
d3 p

=
∫

Σ

dΣµ pµ f (x, p) F. Cooper, G. Frye, Phys.Rev. D 10, 186 (1974)
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• Present paradigm: not freeze-out, but fluid→particle transition, or
’particlization’ (momentum distributions can still change in post-hydro evolution).

• At the particlization (from the particle side), in most of the models the matter is
described as a mixture of gases of free hadrons (hadron resonance gas, HRG) in or
close to thermal and chemical eqilibrium:

fi(x, p) = fi,eq =
gi

(2π)3
1

exp
(

pν uν−µi(x)
T (x)

)
±1

,

where gi = (2J+1) is degeneracy factor, µi(x) is chemical (local) potential T (x) is
(local) temperature.

• If viscous hydro is used (corrections due to shear viscosity):

fi = fi,eq +δ fi = fi,eq + fi,eq(1± fi,eq)
pµ pν

2(ε + p)T 2

such choice of δ f is an ’industry standard’, but it is not unique.
Also, for multi-component system the δ fi should be in principle not the same for
all sorts of hadrons.
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• Hadron resonance gas contains many hadron states (usually > 50), most of
which have short lifetimes.

• Dominating fraction of pions are products of resonance decays. Therefore
resonance contributions to ’stable’ hadrons should be calculated.

Ni = Ni,thermal + ∑
R→i

b(R→ i+X)NR

• A more advanced approach is to generate ensemble of final hadrons via Monte
Carlo, and input them to a hadronic cascade (afterburner), for example UrQMD.
This naturally generates hadronic viscosity and less extreme transition than
hydro→free streaming
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Making physics conclusions
from the modelling
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Making physics conclusions from the modelling (early 2000s)

Success of ideal hydrodynamics
Kolb, Heinz, Huovinen et al (’01) minbias Au+Au at RHIC

0 0.25 0.5 0.75 1
0

5

10

p
T
 (GeV)

v 2 (
%

)

π+ + π−

p + p

STAR
hydro EOS Q

0 0.25 0.5 0.75 1
0

5

10

p
T
 (GeV)

v 2 (
%

)

π+ + π−

p + p

STAR

hydro EOS H

not perfect agreement but plasma EoS favored

ideal fluid? — so how ideal is plasma actually. . . ?

P. Huovinen @ QM Student lecture, May 18, 2014 30
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... and in late 2010s S. Bass, Quark Matter 2017

Determining the QGP Properties via a
Model to Data Comparison

experimental data:
π/K/P spectra
yields vs. centrality & beam
elliptic f ow
HBT
charge correlations & BFs
density correlations

Model Parameter:
eqn. of state

shear viscosity
initial state

pre-equilibrium dynamics
thermalization time

quark/hadron chemistry
particlization/freeze-out

• evaluating model output for single point in the parameter space requires many
CPU hours.

A problem?
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Emulator + MCMC technique

Hydrodynamic model ⇒ Gaussian process emulator ⇒
Markov Chain Monte Carlo (MCMC)
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Setup of a Bayesian Statistical Analysis

Posterior Distribution
• diagonals: probability distribution of each 

parameter, integrating out all others
• off-diagonals: pairwise distributions showing 

dependence between parameters 

Physics Model:
• Trento
• iEbE-VISHNU

Model Parameters - System Properties
• initial state
• temperature-dependent viscosities
• hydro to micro switching temperature

Experimental Data
• ALICE flow & spectra

Gaussian Process Emulator
• non-parametric interpolation
• fast surrogate to full Physics Model

MCMC
(Markov-Chain Monte-Carlo)

• random walk through parameter space 
weighted by posterior probability

Bayes’ Theorem
posterior∝likelihood × prior

• prior: initial knowledge of parameters
• likelihood: probability of observing exp. 

data, given  proposed parameters

after many steps, MCMC equilibrates to

calculate events on Latin hypercube

S. Bass, QM2017
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Constraining the EoS of QGP matter
S. Pratt, E. Sangaline, P. Sorensen, H. Wang, Phys. Rev. Lett. 114, 202301 (2015)
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Summary

Hydrodynamic approach interprets successfully most of the measurements of
hadrons at low p⊥ in heavy ion collisions:
lead-lead, xenon-xenon at all LHC energies, copper-copper, gold-gold at
RHIC etc.

we understand very well how the shape of colliding nuclei translate into final
momentum distributions of produced hadrons

Challenges:

Why the hydrodynamic approach works where it should not?
Why does the hydrodynamic approach work also for proton-nucleus collisions?
...proton-proton collisions ???

Does it still work if we decrease collision energy? (RHIC Beam Energy
Scan)
spoiler: yes, it does but it’s a whole new challenge to set it up properly

Can we agree on the inputs and parameters?
We must agree on the exact initial state physics, medium properties etc.
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Projects I’ve been working on
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Hydrodynamics at “lower” energies and QCD phase diagram
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Picture taken from: G. Odyniec, Acta Phys. Polon. B

43, 627 (2012).

Initial state: thick pancakes
I boost ivariance is not a good

approximation
→ need for 3 dimensional
evolution

I CGC picture does not work as
well anymore

Fluctuations in initial state,
viscosity, afterburner

Baryon and electric charges
I obtained from the initial state

I included in hydro phase

I taken into account at
particlization
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A model for RHIC BES: UrQMD + vHLLE (+ UrQMD)
Pre-thermal evolution: UrQMD cascade

until τ = τ0 = const, τ0 =
2R
γvz

Fluctuating initial state, event-by-event hydrodynamics

Hydrodynamic phase:

∂;ν T µν = 0, ∂;ν Nν = 0 < uγ
∂;γ π

µν >=−πµν −π
µν

NS

τπ

− 4
3

π
µν

∂;γ uγ

* Bulk viscosity ζ = 0, charge diffusion=0

vHLLE code: free and open source. Comput. Phys. Commun. 185 (2014), 3016

https://github.com/yukarpenko/vhlle

Fluid→particle transition and hadronic phase

Cooper-Frye prescription at ε = εsw:

p0 d3ni

d3 p
= ∑ f (x, p)pµ

∆σµ

f (x, p) = feq ·
(

1+(1∓ feq)
pµ pν πµν

2T 2(ε + p)

)
∆σi using Cornelius subroutine∗

Hadron gas phase: back to
UrQMD cascade

∗Huovinen and Petersen, Eur.Phys.J. A 48 (2012), 171
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First application of 3D viscous hydro + cascade model at RHIC BES

energies
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IK, Huovinen, Petersen,
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Phys.Rev. C91 (2015) no.6,

064901
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Femtoscopic radii from vHLLE+UrQMD (project with JINR Dubna)

0-5% central Au-Au: vHLLE+UrQMD using crossover EoS (chiral EoS), 1PT EoS (EoS Q)
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P.Batyuk, R.Lednicky, L.Malinina, K.Mikhailov, O.Rogachevsky, IK, D.Wielanek, Phys. Rev. C

96, 024911 (2017)
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Polarization of fermions from the fluid
F. Becattini, V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32

Also: Ren-hong Fang, Long-gang Pang, Qun Wang, Xin-nian Wang, Phys. Rev. C 94 (2016), 024904

Mechanism: spin-vorticity coupling at local thermodynamic equilibrium.

Cooper-Frye prescription: p0 d3N
d3 p =

∫
dΣλ pλ 1

exp( p·u−µ

T )±1

For the spin 1/2 particles at the particlization surface:
〈S(x, p)〉= 1

8m (1− f (x, p))εµνρσ pσ ∂ν βρ ,

where βµ =
uµ

T is the inverse four-temperature field.

Sµ(p) =
∫

dΣλ pλ f (x, p)〈S(x, p)〉∫
dΣλ pλ f (x, p)

Polarization depends on the the thermal vorticity ϖµν =− 1
2 (∂µ βν −∂ν βµ).

polarization is close or equal for particles and antiparticles

caused not only by velocity, but also temperature gradients
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Λ polarization for RHIC BES in UrQMD+vHLLE (project at INFN

Firenze)
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IK, F. Becattini, Eur. Phys. J. C 77, 213 (2017)
F. Becattini, IK, M. Lisa, I. Upsal, S. Voloshin, Phys. Rev. C 95, 054902 (2017)
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Quadrupole polarization in beam direction Pz: hydro versus recent

STAR data

vHLLE+Glissando IS
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talk at Chirality workshop 2018

STAR

T. Niida, Workshop on Chirality, Vorticity, and Magnetic Field 2018
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- Applied acceptance correction  
so that average of ωy over Δφ  
should be zero due to symmetry

As expected from the elliptic flow, 
the sine structure can be seen!

* Effect of Ψ2 resolution is not corrected here. 
Only the magnitude of the oscillation is affected.

Similar sin(2φ) structure is observed, with opposite sign!

F. Becattini, IK, Phys. Rev. Lett. 120, 012302 (2018)
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Jets+hydro at the LHC energies (project with SUBATECH Nantes)

To get both hydrodynamic IS and initial hard partons from EPOS3.

EPOS
Initial state

(medium-mod)
time-like

parton shower

Bulk medium:
hydrodynamics

soft partons

ha
rd

 p
ar

to
ns

medium properties

source terms

Hadronization Particlization
(Cooper-Frye)

Jet finding

Jet properties

Background 
event
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Medium recoil

Mach cones.
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IK, Aichelin, Gossiaux, Rohrmoser, Werner, arXiv:1911.04155
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Hydrodynamics has a solid niche in the heavy ion community: about 6% talks
each Quark Matter (2011-2019) contain ‘hydro’ or ‘fluid’ in the title.

Interesting/relevant projects to do:

hydrodynamic modelling at high baryon densities / lower energies (RHIC
BES, FAIR, NICA etc):
dynamical fluidization, multi-fluid approach

search for the critical point of QCD (one of the main reasons for RHIC BES
and NICA/FAIR):
critical dynamics in hydro

observables: femtoscopy (HBT), flow, hadron chemistry

cluster (light nuclei) production, also relevant at the lower energies

high energies (LHC): hydro plus jets!
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