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WHAT IS BK EQUATION?



DEEP INELASTIC SCATTERING

DIS is an invaluable probe of protons structure and properties.

The electron-proton collisions are considered to happen as:

1. The incoming electron emits a virtual photon.

2. The virtual photon interacts with the target proton

3. The proton breaks apart.   
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HOW DOES A PHOTON INTERACT 
STRONGLY WITH A PROTON?
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DIPOLE MODEL
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HOW DO WE OBTAIN THE DIPOLE-
PROTON CROSS SECTION?

?
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BK EQUATION

Boost to a frame, where dipole is at rest
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BK EQUATION

Boost to a frame, where dipole is at rest
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BK EQUATION

Add a bit of energy

Boost to a frame, where dipole is at rest
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BK EQUATION

Add a bit of energy High Nc limit

Boost to a frame, where dipole is at rest
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BK EQUATION

Add a bit of energy High Nc limit

After some time, the initial 
dipole becomes dressed.

Boost to a frame, where dipole is at rest
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BK EQUATION

Mathematically, this relates to:
3

equation without neglecting the impact parameter dependence reads

@N(~r,~b, Y )

@Y
=

Z
d~r1K(r, r1, r2)(N(~r1, ~b1, Y ) +N(~r2, ~b2, Y )�N(~r,~b, Y )�N(~r1, ~b1, Y )N(~r2, ~b2, Y )). (2)

In this work, we shall focus on assuming that the scattering amplitude N(~r,~b, Y ) depends solely on the sizes of the

vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.

B. Kernels of the Balitsky-Kovchegov equation

The BK equation describes the evolution of the color dipole towards higher values of rapidity by emission of gluons
from the mother color dipole and by consequent splitting of this gluon into an additional quark-antiquark pair. This
is why depending on how we decide to treat this emission, we can choose from a variety of kernels derived for this
equation. These kernels are of di↵erent orders in perturbation theory (LO, NLO), consider running or fixed coupling
constant ↵s or resum some of the collinear divergences in the emission process (collinearly improved).

The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2

, (3)

where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]

Krun(r, r1, r2) =
Nc↵s(r2)
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, (4)

where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]

Krun
bdep(r, r1, r2) = Krun(r, r1, r2)⇥

✓
1

m2
� r21

◆
⇥

✓
1

m2
� r22

◆
. (5)

Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]

Kcol(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2


r2

min(r21, r
2
2)

�±↵sA1

KDLA(
p

Lr1rLr2r), (6)

where

KDLA(⇢) =
J1(2

p
↵s⇢2)p

↵s⇢
, (7)

J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and

Lrir = ln

✓
r2i
r2

◆
. (8)

The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
2
2) (9)
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BK EQUATION

Mathematically, this relates to:

This is the change of the scattering amplitude, when we add a bit of energy into the system. 

3

equation without neglecting the impact parameter dependence reads
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BK EQUATION

Mathematically, this relates to:

The kernel is computed from QCD to reflect the probability of gluon emission.

3

equation without neglecting the impact parameter dependence reads
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]
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Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
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BK EQUATION

Mathematically, this relates to:

Dipole-proton scattering amplitudes for original and emitted dipoles.

3

equation without neglecting the impact parameter dependence reads
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the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.
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The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2

, (3)

where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]

Krun(r, r1, r2) =
Nc↵s(r2)

2⇡2

✓
r2

r21r
2
2

+
1

r21

✓
↵s(r21)

↵s(r22)
� 1

◆
+

1

r22

✓
↵s(r22)

↵s(r21)
� 1

◆◆
, (4)

where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]
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Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]
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J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and
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The sign factor in the exponent ±↵sA1 takes the value of the plus sign when
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BK EQUATION

Mathematically, this relates to:
3

equation without neglecting the impact parameter dependence reads
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]
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Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]
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J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and
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The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
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2) (9)

Because the dipole and the proton distributions are interlinked by a 
boost of the system, the BK equation gives us direct information about 

the gluon distribution of the proton.
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Dipole-proton scattering amplitudes for original and emitted dipoles.
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b-BK EQUATION

The Balitsky-Kovchegov equation describes the evolution of a color dipole scattering amplitude in rapidity

given by .

3

equation without neglecting the impact parameter dependence reads
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vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]
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Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]
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The sign factor in the exponent ±↵sA1 takes the value of the plus sign when
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2

improved impact parameter dependent BK equation including the discussion of the used coupling, kernels and fitting
a new initial condition. In Sec. IV we discuss the origin of the large impact parameter suppression of the collinearly
improved kernel evolution w.r.t. the running coupling kernel as well as the shape of the solution and in Sec. V we
confront our prediction to data measured at HERA.

II. REVIEW OF THE FORMALISM

A. The Balitsky-Kovchegov equation

The Balitsky-Kovchegov evolution equation [23, 25] has been postulated in the framework of perturbative QCD
and the dipole picture [16–18].

It has been used both for computations in the dipole picture [19, 20, 26] and for computations that take use of
the operator definition of its solution - the scattering amplitude [31]. This solution can then further be used for
the computation of various transverse momentum distributions (TMDs) including the Weizsacker-Williams gluon
distribution that has the interpretation as the number of gluons inside a nucleon [22, 32].

The scattering amplitude N(~r,~b, Y ) is proportional to the cross section of a color dipole-proton interaction and

the variables ~r and ~b have a geometric interpretation of the transverse size of the dipole and its impact parameter as
shown in Fig. 1. Rapidity is given by the relation Y = ln x0

x , where we set x0 = 0.008.

FIG. 1. Geometric interpretation of the scattering amplitude and of the corresponding variables ~r and ~b.

It has been solved with great success with factorized impact parameter dependence [20, 26], which in this approach
does not depend on rapidity and can therefore be omitted in the evolution. Integrating this impact parameter
dependence then gives a constant value, that does not change with rapidity and is usually denoted as �0. This
approximation is written in terms of the scattering amplitude as

Z
d~bN(~r,~b, Y ) ⇡ �0N(~r, Y ). (1)

In this work, we would like to address the solution of the equation without this factorization and allow for a
non-trivial rapidity dependence of the impact parameter profile of the scattering amplitude. The full BK evolution
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equation without neglecting the impact parameter dependence reads
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d~r1K(r, r1, r2)(N(~r1, ~b1, Y ) +N(~r2, ~b2, Y )�N(~r,~b, Y )�N(~r1, ~b1, Y )N(~r2, ~b2, Y )). (2)

In this work, we shall focus on assuming that the scattering amplitude N(~r,~b, Y ) depends solely on the sizes of the

vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.

B. Kernels of the Balitsky-Kovchegov equation

The BK equation describes the evolution of the color dipole towards higher values of rapidity by emission of gluons
from the mother color dipole and by consequent splitting of this gluon into an additional quark-antiquark pair. This
is why depending on how we decide to treat this emission, we can choose from a variety of kernels derived for this
equation. These kernels are of di↵erent orders in perturbation theory (LO, NLO), consider running or fixed coupling
constant ↵s or resum some of the collinear divergences in the emission process (collinearly improved).

The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
↵s
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r21r
2
2

, (3)

where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]

Krun
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Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]
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where
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J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and

Lrir = ln

✓
r2i
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◆
. (8)

The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
2
2) (9)

Impact parameter dependence enters the equation.

𝑟𝑏
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KERNEL CUTOFF
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D. Bendova, J. Cepila, J. G. Contreras, M. Matas; Phys. Rev. D 100, 054015

Here we compare the value of the collinearly improved kernel with the running coupling kernel versus r1.



RESULTS

J. Cepila, J. G. Contreras, M. Matas; Phys. Rev. D 99, 051502 Marek Matas, CTU in Prague 23



WHAT NEW HAVE WE DONE IN 2020
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SOLUTIONS FOR NUCLEI AND EIC

25

To compute the scattering amplitudes for nuclei, we have:

1. Substituted a proton profile with Woods-Saxon 
distributions.

2. Fitted nuclear saturation scales to EPPS16 at 
the initial condition.

We have done this for elements Al, Ca, Cu, Fe, W and Pb 
to study the A dependence of these processes.

Computed structure functions and then nuclear 
modification factors.

Compared to the Glauber-Gribov model in which only a 
sum of nucleons is assumed as a nucleus.

These have been confronted with Fermilab E665 data.
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Then we have used this formalism to produce predictions for EIC kinematics.
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SOLUTIONS FOR NUCLEI AND EIC

A paper on this topic was submitted to arXiv:2002.11056.

Then we have used this formalism to produce predictions for EIC kinematics.

27



SATURATION



SATURATION

• BFKL equation includes only the gluon 
radiation effects.
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SATURATION

• BFKL equation includes only the gluon 
radiation effects.

• Other non-linear evolution equation such as 
the BK equation takes gluon recombination
into account.

• This slows down the evolution and tames the
unphysical divergences.
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NUCLEAR SATURATION EFFECTS

To determine the contribution of the non-linear 
saturation effects in nuclear solutions, we have:

1. Solved the BK equation with and without the 
non-linear term that represents saturation 
effects.

2. Computed structure functions and then 
nuclear modification factors for both cases.

We have done this for elements Ca and Pb and 
compared them.

3

equation without neglecting the impact parameter dependence reads

@N(~r,~b, Y )

@Y
=

Z
d~r1K(r, r1, r2)(N(~r1, ~b1, Y ) +N(~r2, ~b2, Y )�N(~r,~b, Y )�N(~r1, ~b1, Y )N(~r2, ~b2, Y )). (2)

In this work, we shall focus on assuming that the scattering amplitude N(~r,~b, Y ) depends solely on the sizes of the

vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.

B. Kernels of the Balitsky-Kovchegov equation

The BK equation describes the evolution of the color dipole towards higher values of rapidity by emission of gluons
from the mother color dipole and by consequent splitting of this gluon into an additional quark-antiquark pair. This
is why depending on how we decide to treat this emission, we can choose from a variety of kernels derived for this
equation. These kernels are of di↵erent orders in perturbation theory (LO, NLO), consider running or fixed coupling
constant ↵s or resum some of the collinear divergences in the emission process (collinearly improved).

The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2

, (3)

where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]

Krun(r, r1, r2) =
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]

Krun
bdep(r, r1, r2) = Krun(r, r1, r2)⇥
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. (5)

Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]
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where
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, (7)

J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and

Lrir = ln

✓
r2i
r2

◆
. (8)

The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
2
2) (9)
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equation without neglecting the impact parameter dependence reads
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In this work, we shall focus on assuming that the scattering amplitude N(~r,~b, Y ) depends solely on the sizes of the

vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.

B. Kernels of the Balitsky-Kovchegov equation

The BK equation describes the evolution of the color dipole towards higher values of rapidity by emission of gluons
from the mother color dipole and by consequent splitting of this gluon into an additional quark-antiquark pair. This
is why depending on how we decide to treat this emission, we can choose from a variety of kernels derived for this
equation. These kernels are of di↵erent orders in perturbation theory (LO, NLO), consider running or fixed coupling
constant ↵s or resum some of the collinear divergences in the emission process (collinearly improved).

The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
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, (3)

where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]

Krun
bdep(r, r1, r2) = Krun(r, r1, r2)⇥

✓
1

m2
� r21

◆
⇥

✓
1

m2
� r22

◆
. (5)

Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]
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J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and
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The sign factor in the exponent ±↵sA1 takes the value of the plus sign when
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NUCLEAR SATURATION EFFECTS

To determine the contribution of the non-linear 
saturation effects in nuclear solutions, we have:

1. Solved the BK equation with and without the 
non-linear term that represents saturation 
effects.

2. Computed structure functions and then 
nuclear modification factors for both cases.

We have done this for elements Ca and Pb and 
compared them.

By comparing the computed observables for the two cases for EIC kinematics,
we have determined the contribution of saturation effects to the nuclear scattering amplitude.
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
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Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]
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Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]
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J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and

Lrir = ln

✓
r2i
r2

◆
. (8)

The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
2
2) (9)

3

equation without neglecting the impact parameter dependence reads

@N(~r,~b, Y )

@Y
=

Z
d~r1K(r, r1, r2)(N(~r1, ~b1, Y ) +N(~r2, ~b2, Y )�N(~r,~b, Y )�N(~r1, ~b1, Y )N(~r2, ~b2, Y )). (2)

In this work, we shall focus on assuming that the scattering amplitude N(~r,~b, Y ) depends solely on the sizes of the

vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.

B. Kernels of the Balitsky-Kovchegov equation

The BK equation describes the evolution of the color dipole towards higher values of rapidity by emission of gluons
from the mother color dipole and by consequent splitting of this gluon into an additional quark-antiquark pair. This
is why depending on how we decide to treat this emission, we can choose from a variety of kernels derived for this
equation. These kernels are of di↵erent orders in perturbation theory (LO, NLO), consider running or fixed coupling
constant ↵s or resum some of the collinear divergences in the emission process (collinearly improved).

The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
↵s

2⇡
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r21r
2
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, (3)

where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]

Krun
bdep(r, r1, r2) = Krun(r, r1, r2)⇥

✓
1
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� r21
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⇥
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1
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◆
. (5)

Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]

Kcol(r, r1, r2) =
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Lr1rLr2r), (6)

where

KDLA(⇢) =
J1(2

p
↵s⇢2)p

↵s⇢
, (7)

J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and

Lrir = ln

✓
r2i
r2

◆
. (8)

The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
2
2) (9)

A paper on this topic was submitted to arXiv:2006.16136
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We have used the obtained scattering amplitude and 
computed differential J/ψ photonuclear production at the 
LHC.

1. Used the obtained scattering amplitudes for 
lead to compute the production of J/ψ vector 
meson for BK and Glauber approach.

2. Compared with data from ALICE and CMS 
from run 1, 𝑠!! = 2.76TeV (in the figure) 
and run 2, 𝑠!! = 5.02TeV.
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THANK YOU FOR YOUR ATTENTION

No matter what, don’t lose hope. We are all bombastic.

- Dan Nekonečný
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