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Analog gravity

Black holes are (almost surely) evaporating...
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An example
Q: „Is it possible to mimic key features of black holes in lab?“
A: Yes, in graphene! [1] [2]

(a) Black hole (b) Graphene

Note: Graphene is not the only analog. Hawking radiation has
been observed in Bose-Einstein condensates, see e.g. [3]
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Graphene membrane as a 2+1 dim spacetime

Table top relativistic-like system described by g (3)
µν

Assumptions about g (3)
µν :

i) flat in time, g (3)
ij belongs to a surface

g (3)
µν (t, x̃ , ỹ) =

1 0 0
0 −φ2(x̃ , ỹ) 0
0 0 −φ2(x̃ , ỹ)

 (1)

ii) conformally flat ↔ Cotton tensor vanishes Cµν = 0
→ Constraints on the shape of the graphene membrane!

∆(x̃ ,ỹ) lnφ(x̃ , ỹ) = −Kφ2(x̃ , ỹ) (2)

with Gaussian curvature K to be a constant!
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General solution of the Liouville equation

Liouville equation

∆(x̃ ,ỹ) lnφ(x̃ , ỹ) = −Kφ2(x̃ , ỹ) (3)

Mapping to the complex plane z = x̃ + i ỹ , z̄ = x̃ − i ỹ

∆(z,z̄) lnφ(z , z̄) = −Kφ2(z , z̄) (4)

General solution [4]

φ(z) = 2√
|K |

|f ′(z)|
1± |f (z)|2 (5)

f (z) arbitrary meromorphic function: df /dz 6= 0, f (z) has at
most simple poles
→ infinite family of solutions!
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Where does my study begin?

Vortices become interesting for graphene [1]
Specific vortex solutions proposed in [1]:

f (z) = z−N , φ+(r̃) = 2N√
K

r̃N−1

r̃2N + 1 (6)

→ local geometry:

dl2 = φ2
+(r̃)(dr̃2 + r̃2d θ̃2) (7)

where r̃ = |z | =
√
x̃2 + ỹ2, θ̃ ∈ [0, 2π], N natural number

named "non-topological vortex", or "H-Y vortex" (K > 0;
Horváthy, Yéra [5])
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Our tasks

Tasks to solve (proposed in [1])
1. Find surfaces corresponding to H-Y vortices

(r̃ , θ̃)→ (x , y , z(x , y))

2. Describe associated spacetime
3. Generalization to pseudospheres K < 0 (if possible)
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Problem to solve...

Coordinates transformation:

(r̃ , θ̃)→ (x , y , z(x , y))

→ a set of non-linear PDEs:

φ2
+(r̃) =

(
∂x
∂ r̃

)2
+
(
∂y
∂ r̃

)2
+
(
∂z
∂ r̃

)2
(8)

φ2
+(r̃)r̃2 =

(
∂x
∂θ̃

)2
+
(
∂y
∂θ̃

)2
+
(
∂z
∂θ̃

)2
(9)

0 = ∂x
∂ r̃

∂x
∂θ̃

+ ∂y
∂ r̃

∂y
∂θ̃

+ ∂z
∂ r̃
∂z
∂θ̃

(10)



9

Introduction Our contribution Conclusions

...and its solution

Ansatz:

x = R+(r̃) cos θ̃, y = R+(r̃) sin θ̃, z = z+(r̃) (11)

→ Radial function

R+(r̃) = r̃φ+(r̃) = 2N√
K

r̃N

r̃2N + 1 (12)

→ z-coordinate

z+ =
∫ √

φ2
+(r̃)− [R ′+(r̃)]2dr̃ (13)

→ analytic expression exists, but is complicated
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...and its solution

r̃ -range

4N2

K
r̃2N−2

(r̃2N + 1)2 −
4N4

K

[
r̃N−1(1− r̃2N)

(r̃2N + 1)2

]2

≥ 0 (14)

→ N = 1
r̃min = 0, r̃max = +∞ (15)

→ N ≥ 2

r̃min = 2N

√
N − 1
N + 1 , r̃max = 2N

√
N + 1
N − 1 (16)
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Bulge surfaces and N

Next coordinates transformation

dl2 = 4N2

K
r̃2(N−1)

(r̃2N + 1)2 (dr̃2 + r̃2d θ̃2) = du2 + a2N2 cos2 u
a d θ̃

(17)
where

K = 1/a2

u = 2a arctan e r̃N − π/2
u ∈ [− arcsin(1/N), arcsin(1/N)]

Surfaces of revolution with K > 0

dl2 = du2 + R2(u)dv2,R(u) = c cos ua (18)

→ Interpretation of N
c = aN (19)

→ Singularities match with Bulge’s!
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Sphere and φ2+(r̃) plots

N = 1

(c) φ2(r̃) (d) Sphere
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Bulge surfaces and φ2+(r̃) plots

N = 2

(e) φ2(r̃) (f) Bulge

→ Only part of φ2
+(r̃) is realized (holds for N ≥ 2)!



14

Introduction Our contribution Conclusions

Surfaces with constant K < 0

Coorinates transformation:

dl2 = 4N2

|K |
r̃2(N−1)

(r̃2N − 1)2 (dr̃2 + r̃2d θ̃2) = du2 + a2N2 sinh2 u
a d θ̃

2

(20)
where u = 2a arctanh e r̃N , θ̃ ∈ [0, 2π]
local geometry of the elliptical pseudosphere:

R(u) = c sinh u
a (21)

with a > c > 0
→ local geometry corresponds to elliptic pseudosphere, but a

surface does not exist!
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Spacetime associated to H-Y vortex solution

Spacetime element

ds2 = dt2 − 4N2

K
r̃2(N−1)

(1 + r̃2N)2 dr̃
2 − 4N2

K
r̃2N

(1 + r̃2N)2 d θ̃
2 (22)

→ Suitable coordinates transformation leads to:

ds2 = dt2 −
dR2

+
1− K

N2R2
+

1
N2 − R2

+d θ̃2 (23)

→ Compare with the Einstein static universe (FLRW metric)

ds2 = dt2 − dr2

1− k
A2 r2 − r2dΩ̃2 , (24)
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Conclusions

1. H-Y vortices → Sphere (N = 1), Bulge surfaces (N ≥ 2)
2. N = scale factor
4. No pseudospheres with H-Y geometry exist
5. Graphene with H-Y geometry → Einstein static universe
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Thank you for your attention!
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Graphene, relativistic?

Figure: Band structure of graphene [6]
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