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BALANCED DENSITIES

Definition:
Function f(x): R — Ris called balanced density, when following axioms are fullfilled:
1. Ran(f) c R¢;
2. Dom(f) = R;
3. f(x) € PC(R);
4. f(x) € L(R);
5. supp(f) < (0, +o0);

6.3x € RY:
a>xn=> lim f(x)e* = 4o,

X—+00

a< x= lim f(x)e** =0.

X—+00



BALANCED DENSITIES

EXPONENTIAL DISTRIBUTION f(x) = Ae™™* A>0,1>0
ERLANG DISTRIBUTION f(x) = Ax"e™* A>01>0n€N,
GAMMA DISTRIBUTION f(x) = Ax%e ¥ A>0,1>0a=0

GENERALIZED INVERSE GAUSSIAN DISTRIBUTION (GIG)

g(x) = Ax%e e x A>0@€eR)B>0,1>0



BALANCED DENSITIES

Proof: (Va < 0)(g(x) € L(R)) (& g(x) € L(0,+00))
lg(0)| = [x%e 2 e ™| < |e™hy (Xpax)| € L(0, +00)
hy(x)
b

Xmax = ——
a

Ax B

lg(x)| = |x“e‘ e x| < < Ke ™ € £(0, +o0)

'8 a,—Ax
(‘z)e”
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GENERALIZED INVERSE GAUSSIAN DISTRIBUTION

Normalization and asymptotic approximation of scaling constant for a = 0:

B
g(x) = Ax%e e x

e

" 2Keea(2/B2)

Normalization constant:

Ko(x) = K_,(x)

Asymptotic approximation: l=a+p+
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GENERALIZED INVERSE GAUSSIAN DISTRIBUTION

1. scaling equation: f_oo xg(x) = 1;
K,(x) = K_5(x)

2. derivation of integral depending on parameter;

3. differential equation for K, (1/S4);

4. solution for f <K 1and f = +oxo;

5. asymptotic approximation



GENERALIZED INVERSE GAUSSIAN DISTRIBUTION
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PROBLEM IN APPLICATION

Let X ~ GIG(x;a,B,A), Ho= fj: gx)dx =1 and pu; = f_+oo xg(x)dx = 1.

Then

_ B\} Ho1 k2B a+B+2
Uy = { /Jk(gG{(;):(z) %1122 N } =

+00
,u2=f x*f(x)dx #0 Va eR!
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SCALING CONDITION

Examination of the existence of the scaling equations’ solution:

B Hoin(2 ;3 , \/‘%mzx/_) |
\f = = 1 CNBYD

u+l(j

Idea: If we find M = {# > 0: ®(B, 1) = 0}, then ®(B, 1) generates unique function A(B).

We found scaling condition for « < —2 in the following form: a+p+2>0.
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