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Definition: 

Function 𝑓 𝑥 : ℝ → ℝ is called balanced density, when following axioms are fullfilled:

1. 𝑅𝑎𝑛 𝑓 ⊂ ℝ0
+;

2. 𝐷𝑜𝑚 𝑓 = ℝ;

3. 𝑓 𝑥 ∈ 𝒫𝒞 ℝ ;

4. 𝑓 𝑥 ∈ ℒ ℝ ;

5. 𝑠𝑢𝑝𝑝 𝑓 ⊂ (0,+∞);

6. ∃𝜘 ∈ ℝ0
+:

𝛼 > 𝜘 ⇒ lim
𝑥→+∞

𝑓 𝑥 𝑒𝛼𝑥 = +∞ , 

𝛼 < 𝜘 ⇒ lim
𝑥→+∞

𝑓 𝑥 𝑒𝛼𝑥 = 0 .

BALANCED DENSITIES

D E N S I T Y

+

 
−∞

+∞

𝒇 𝒙 𝒅𝒙 = 𝟏

P R O B A B I L I T Y  D E N S I T Y  
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BALANCED DENSITIES

EXPONENTIAL DISTRIBUTION 𝑓 𝑥 = 𝐴𝑒−𝜆𝑥 𝐴 > 0, 𝜆 > 0

ERLANG DISTRIBUTION 𝑓 𝑥 = 𝐴𝑥𝑛𝑒−𝜆𝑥 𝐴 > 0, 𝜆 > 0, 𝑛 ∈ ℕ0

GAMMA DISTRIBUTION 𝑓 𝑥 = 𝐴𝑥𝛼𝑒−𝜆𝑥 𝐴 > 0, 𝜆 > 0, 𝛼 ≥ 0

GENERALIZED INVERSE GAUSSIAN DISTRIBUTION (GIG)

𝑔 𝑥 = 𝐴𝑥𝛼𝑒−𝜆𝑥𝑒−
𝛽
𝑥 𝐴 > 0, 𝛼 ∈ ℝ, 𝛽 > 0, 𝜆 > 0
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BALANCED DENSITIES

Proof: (∀𝛼 < 0)(𝑔 𝑥 ∈ ℒ ℝ ) (⇔ 𝑔 𝑥 ∈ ℒ 0,+∞ )

𝑔 𝑥 = 𝑥𝛼𝑒−𝜆𝑥𝑒−
𝛽
𝑥 ≤ −

𝛽

𝜆
𝑒𝛼𝑒−𝜆𝑥 ≤ 𝐾𝑒−𝜆𝑥 ∈ ℒ(0,+∞)
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𝑔 𝑥 = 𝑥𝛼𝑒−
𝑏
𝑥 𝑒−𝜆𝑥 ≤ 𝑒−𝜆𝑥ℎ1 𝑥𝑚𝑎𝑥 ∈ ℒ(0, +∞)

ℎ1(𝑥)
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GENERALIZED INVERSE GAUSSIAN DISTRIBUTION

Normalization and asymptotic approximation of scaling constant for α≥ 0:

𝑔 𝑥 = 𝐴𝑥𝛼𝑒−𝜆𝑥𝑒−
𝛽
𝑥

Normalization constant: 𝐴 =

𝜆

𝛽

𝛼+1

2𝐾𝛼+1 2 𝛽𝜆

Asymptotic approximation: 𝜆 = 𝛼 + 𝛽 +
3

2
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𝐾𝛼 𝑥 = 𝐾−𝛼(𝑥)
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GENERALIZED INVERSE GAUSSIAN DISTRIBUTION

1. scaling equation:  −∞
+∞
𝑥𝑔 𝑥 = 1;

2. derivation of integral depending on parameter;

3. differential equation for 𝐾𝛼( 𝛽𝜆);

4. solution for 𝛽 ≪ 1 and 𝛽 → +∞;

5. asymptotic approximation
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𝐾𝛼 𝑥 = 𝐾−𝛼(x)



GENERALIZED INVERSE GAUSSIAN DISTRIBUTION
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For both 𝛼 ≥ 0 and 𝛼 < 0 is the asymptotic
approximation the same:

𝜆 = 𝛼 + 𝛽 +
3

2



CONTENT

1) BALANCED DENSITIES

2) GENERALIZED INVERSE GAUSSIAN DISTRIBUTION

3) PROBLEM IN APPLICATION

4) SCALING CONDITION 

11



PROBLEM IN APPLICATION

Let X ~ GIG(x;α,β,λ), 𝜇0=  −∞
+∞
𝑔 𝑥 𝑑𝑥 = 1 and    𝜇1 =  −∞

+∞
𝑥𝑔 𝑥 𝑑𝑥 = 1.

Then 

𝜇2 = { } = 
𝛼+𝛽+2

𝜆
.

𝜇2 =  
−∞

+∞

𝑥2𝑓 𝑥 𝑑𝑥 ≥ 0 ∀𝛼 ∈ ℝ ‼!
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SCALING CONDITION

Examination of the existence of the scaling equations‘ solution:

⇒

Idea: If we find𝑀 = 𝛽 > 0:Φ 𝛽, 𝜆 = 0 , thenΦ(𝛽, 𝜆) generates unique function 𝜆 𝛽 .

We found scaling condition for 𝛼 < −2 in the following form: 𝛼 + 𝛽 + 2 > 0.
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THANK YOU FOR YOUR AT TENTION!
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