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Motivation

0.00 0.25 0.50 0.75 1.00

0.00

0.25

0.50

0.75

1.00

Figure 1: Example of sparse data space.
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Motivation

Least squares problem:

y1 = w1x11 + w2x
2
12

⇒ X =

(
0 0
1 1

)
y2 = w1x21 + w2x

2
22

(1)

h(X) = 1.

How to �nd θ̂?
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Motivation

Figure 2: Contour plot of parameters likelihood w1,w2 from Eq. (1).
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Bayesian Approach & Shrinkage priors Bayesian Approach

Bayesian Approach

Bayes' rule:

Aposteriori distribution ∝ Likelihood× Apriori distribution.

L1 norm:
wj ∼ Laplace (0, λ) ∝ exp (−λ‖θ‖1) , (2)

we choose λ arbitrarily �rmly.

ARD:

p(θ|α) = N (0,α−1I) ∧ p(αj) = St(0, σ2, ν), ∀j ∈ d̂ (3)

Spike & Slab:

wj ∼ λjN (0, c2) + (1− λj)N (0, ε2), (4)

where ε� c and λj ∈ {0, 1} ∼ Bernoulli
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Bayesian Approach & Shrinkage priors Bayesian Approach

Figure 3: Contour plots of likelihood with priors (2), (3), (4).
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Bayesian Approach & Shrinkage priors Evidence Lower Bound

Mathematical Tools { ELBO

Evidence Lower Bound:

ln p(x) =

∫
q(zθ)

(
ln

{
p(x, zθ)

q(zθ)

})
dzθ −

∫
q(zθ)

(
ln

{
p(zθ|x)

q(zθ)

})
dzθ

=L(q(zθ)) + KL(q(zθ)‖p(zθ|x))

(5)

p(zθ|x) { unknown.

q(zθ|x) { known, chosen.

θ̂ = argmax
θ
L (6)
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Bayesian Approach & Shrinkage priors Reparameterization Trick

Mathematical Tools { Reparameterization Trick

Optimalization Eqθ(z) [f (z)].

Sθ(z) = ε ∼ q(ε) z = S−1θ (ε) (7)

Eqθ(z) [f (z)] = Eq(ε)

[
f (S−1θ (ε))

]
(8)

N (µ, σ2)⇒ Sµ,σ2(z) = z−µ
σ2
∼ N (0, 1).

EN (µ,σ2) [f (z)] = EN (0,1)

[
f (µ+ εσ2)

]
(9)

Non-linear tasks.
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Practical Application

Classic Regression

Probability model

p(y, θ | X, α, ω) = N (Xθ, ωI)N (0, diag(α))
∏
i

Γ(γ0, δ0) (10)

ETEX data

ARD with α = 0.1, ω = 5 and Γ(0.1, 0.1) prior.
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Practical Application

Figure 4: Finding sparse solution for ETEX data with ARD.
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Practical Application

Logistic Regression

1000 generated observations from N2(0, I). Let θ(true) = (0, 10).

Generating of y(true):

y(true) = σ
(
X · θ(true)T

)
Bernoulli⇒ binary-class vector. (11)

Model:
model(θ) = σ

(
X · θT

)
. (12)
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Practical Application

Figure 5: Learning process of θ with L1 norm.

Bc. Luká¹ Kulièka (SPMS 2021) Department of Mathematics FNSPE CTU June 24, 2021 12 / 16



Practical Application

Tree Structures

Model:
y = σ (w1x1 + max(W · Z)) (13)

Figure 6: W(true) =

(
2 0
0 4

)
, right with penalty L1 norm (λ = 0.01).

Bc. Luká¹ Kulièka (SPMS 2021) Department of Mathematics FNSPE CTU June 24, 2021 13 / 16



Thank you for your attention.
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