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GENERALIZED INVERSE GAUSSIAN DISTRIBUTION

𝑓𝐺𝐼𝐺 𝑥 = 𝐴𝑥𝛼𝑒−
𝛽
𝑥𝑒−𝜆𝑥

Formula: 𝐴 > 0,
𝛼 ∈ R, 
𝛽 > 0,
𝜆 > 0
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𝛼 = −1

𝛽 = 1

𝜆 =
3

2

Fig 1: The shape of GIG distribution.



• GIG is balanced density: 

• Normalization constant:

• Scaling problem:

• scaling condition: 𝛼 + 𝛽 + 2 > 0

• asymptotic approximation of scaling function: 𝜆(𝛽) ≈ 𝛼 + 𝛽 +
3

2

BASIC PROPERTIES

𝑓𝐺𝐼𝐺 𝑥 ∈B  ⇔ 𝐴 > 0, 𝛼 ∈ R, 𝛽 > 0, 𝜆 > 0

𝐴 =

𝜆
𝛽

𝛼+1

2 𝐾𝛼+1(2 𝛽𝜆)

(viz [1])
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(𝐾𝑎 𝑥 reffers to Macdonalds function of the 𝑎-kind)



• Scaling equation: 

MORE ABOUT SCALING PROBLEM

1 =

𝜆
𝛽

𝛼+1

2 𝐾𝛼+1 ( 2 𝛽𝜆 )
න
0

∞

𝑥 𝛼+1 𝑒 −
𝛽
𝑥 𝑒 −𝜆𝑥 𝑑𝑥 =

𝛽

𝜆

𝐾𝛼+2 ( 2 𝛽𝜆 )

𝐾𝛼+1 ( 2 𝛽𝜆 )

𝒇𝜶(𝜷, 𝝀)

𝝀 𝜷 =?
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𝒇𝜶 𝜷, 𝝀 , 𝜶 = −𝟓

𝒈 𝜷, 𝝀 ,= 𝟏

Fig 2: Example of the need for scaling condition.



ASYMPTOTIC APPROXIMATION OF 𝝀(𝜷)

Fig 3: The difference between the real values of scaling function and its asymptotic
approximation for 𝛼 = −3.

We found asymptotic approximation of the scaling
function.

𝝀(𝜷) ≈ 𝜶 + 𝜷 +
𝟑

𝟐

However, we aimed for better approximation.
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𝑻𝒉𝒆 𝒓𝒆𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝝀(𝜷)

𝑨𝒔𝒚𝒎𝒕𝒑𝒕𝒊𝒕𝒄 𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝝀(𝜷)



IMPORTANT DISCOVERIES

• 𝜆(𝛽) is increasing function

• lower and upper bound:

𝛼 + 𝛽 − 𝜆 𝛽 + 1 < 0

𝛼 + 𝛽 − 𝜆 𝛽 + 2 > 0

• limits:

𝛼 > −1: lim
𝛽→0+

𝜆 𝛽 =𝛼 + 1

𝛼 < −2: lim
𝛽→−𝛼−2

𝜆 𝛽 =0

• upgraded approximation:

𝜆 𝛽 ≈
𝛼 + 𝛽 +

3

2
−
1

2
𝑒
−

4𝛽
6+𝛼 , 𝛼 > −1

𝛼 + 𝛽 +
3

2
+
1

2
𝑒
−

4(𝛼+𝛽+2)
6−𝛼 , 𝛼 ≤ −1 Fig 4: Example of found properties of the scaling function 𝜆 𝛽 , where 𝛼 = −4.

𝑻𝒉𝒆 𝒓𝒆𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝝀𝒔𝒌𝒖𝒕(𝜷)

𝑨𝒔𝒚𝒎𝒑𝒕𝒊𝒕𝒐𝒄 𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒊𝒐𝒏

𝑳𝒐𝒘𝒆𝒓 𝒃𝒐𝒖𝒏𝒅

𝑼𝒑𝒑𝒆𝒓 𝒃𝒐𝒖𝒏𝒅

𝑼𝒑𝒈𝒓𝒂𝒅𝒆𝒅 𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒊𝒐𝒏
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Lower and upper bound can be used as control mechanism for the basic estimation
methods (maximum likelihood est., minimum distance est.).

DATA
x

MLE / MDE
Estimates

ෝ𝜶, 𝜷, 𝝀

Control mechanism:

ෝ𝜶 + 𝜷 − 𝝀 𝜷 + 𝟏 < 𝟎

ෝ𝜶 + 𝜷 − 𝝀 𝜷 + 𝟐 > 𝟎
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APPLICATION



APPLICATION

Lower and upper bound can be used as control mechanism for the basic estimation
methods (maximum likelihood est., minimum distance est.).

Fig 5: Example of the improving attempts for minimum distance est. and maximum likelihood est.  

𝐌𝐢𝐧𝐢𝐦𝐮𝐦 𝐝𝐢𝐬𝐭𝐚𝐧𝐜𝐞 𝐞𝐬𝐭𝐢𝐦𝐚𝐭𝐢𝐨𝐧 𝐦𝐞𝐭𝐡𝐨𝐝 𝐌𝐚𝐱𝐢𝐦𝐮𝐦 𝐥𝐢𝐤𝐞𝐥𝐢𝐡𝐨𝐨𝐝 𝐞𝐬𝐭𝐢𝐦𝐚𝐭𝐢𝐨𝐧 𝐦𝐞𝐭𝐡𝐨𝐝
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𝐰𝐢𝐭𝐡𝐨𝐮𝐭 𝐰𝐢𝐭𝐡
𝐀𝐬𝐬𝐢𝐭𝐚𝐧𝐜𝐞 𝐀𝐬𝐬𝐢𝐭𝐚𝐧𝐜𝐞

𝐰𝐢𝐭𝐡𝐨𝐮𝐭 𝐰𝐢𝐭𝐡𝐨𝐮𝐭 𝐰𝐢𝐭𝐡
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THANK YOU FOR YOUR ATTENTION!

Anežka Lhotáková (FNSPE) The properties of scaled GIG distribution 24. June 2022      9/9


