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Physical introduction

Figure: Example of configuration σ1 =
(
+1,+1,−1,+1,−1,−1

)
.

Figure: Example of configuration σ2.
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Physical introduction

first goal: find formula of partition function Z
Z =

∑
σ∈Σ

exp
(
−βE(σ)

)
, where β = 1

kBT

P
(
σ
)

= 1
Z exp

(
−βE(σ)

)
E(σ) = −

∑
〈ij〉

Jijσiσj − µ
∑

j
hjσj

f
(
H,T

)
= lim

N→+∞
fN
(
H,T

)
= −kBT lim

N→+∞

ln ZN

(
H,T
)

N

M
(
H,T

)
= − ∂

∂H f
(
H,T

)
second goal: find critical temperature
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Ising model in 1D

let’s assume N particles on line

E(σ) = −J
N∑

j=1
σjσj+1 − H

N∑
j=1

σj

M
(
H,T

)
=

e
J

kBT sinh
(

H
kBT

)(
e

2J
kBT sinh2

(
2H

kBT

)
+e

−2J
kBT
) 1

2

there is no critical temperature in one dimension
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Ising model in 1D

Figure: Magnetization M as a function of temperature T for kB = 1, J = 1 a
H = 0.01.
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Ising model in 2D

assumption H = 0
E(σ) = −

∑
〈ij〉

Jσiσj

Figure: Example of admissible graph.
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Ising model in 2D

final formula:

f (T ) = −kBT

[
ln
(
2 cosh(2βJ)

)
+

+
1

8π2

2π∫
0

2π∫
0

ln

[
1−

sinh
(
2βJ

)
cosh2(2βJ

)(cos ξ + cos η
)]

dξ dη

]

critical temperature:

TC =
J
kB
· 2

ln
(

1 +
√

2
)

TC
.

=
J
kB
· 2.26
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Ising model in 2D – second method

Figure: Example of rotated grid and functions V and W .

V (σi ,σj) = exp

[
n∑

k=1

(
Kσi

k+1σ
j
k + Lσi

kσ
j
k

)]

ZN = Tr (VW)
m
2 = Λ

m
2
1 + Λ

m
2
2 + · · ·+ Λ

m
2
2n

Λ(K ,L)Λ(L +
1
2
πi,−K ) = (2i sinh (2L))n + (−2i sinh (2K ))n r
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Simulations in 1D

Figure: Simulations of Ising model in 1D for temperature T = 0.1.
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Simulations in 2D

Figure: Simulations of Ising model in 2D – temperatures 0.5 - 3, 108 updates.
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Critical temperature in 1D

magnetization:

m =
1
N

∣∣∣∣∣
N∑

i=1

σi

∣∣∣∣∣

Figure: Critical temperature in 1D.
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Critical temperature in 2D

TC =
2

ln
(

1 +
√

2
)

TC
.

= 2.26

Figure: Critical temperature in 2D.
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Critical temperature in 3D

Figure: Critical temperature in 3D.
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Critical temperature in 3D - the alternative

magnetization - mTV :

mTV =
1
N

∑
〈ij〉

max
(
σiσj ; 0

)

Figure: Critical temperature in 3D - mTV .
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Hexagonal grid

each particle has 3 links

Figure: Example of hexagonal grid.
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Critical temperature on hexagonal grid

Figure: Critical temperature on hexagonal grid.
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Triangular grid

each particle has 6 links

Figure: Example of triangular grid.
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Critical temperature on triangular grid

Figure: Critical temperature on triangular grid.
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Thank you for your attention.
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