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Abstract. — The average drag forces on intruders slowly plunging into and withdrawing
from shallow beds of monodisperse smooth glass beads and of sifted rough sand scale with the
immersion depth and lateral dimensions of the intruder. The withdrawal forces are comparable
for both types of media; however, the plunging forces for sand are substantially greater than for
smooth glass beads. Furthermore, for glass beads, the rescaled plunging and withdrawal forces
have two different power law dependences on the immersion depth, with exponents greater
than unity.

Introduction. — The fluid-like behavior of dense, quasi-static, granular media is poorly
understood, despite its importance for civil, industrial and pharmaceutical applications as
well as numerous efforts on behalf of engineers and physicists. The state of a dense granular
system is difficult to define and control, due to the indeterminacy of the individual frictional
contact forces between particles for any geometrical configuration involving large coordination
numbers. This also complicates the determination of the constitutive relations that allow for
development of a mean-field description of granular flow [1]. Nonetheless, experimentalists
have been able to perform high-quality, reproducible experiments on the flow of dense granular
media, and engineers have developed theories for static granular media to predict the stability
of sand piles and the pressures on container walls, such as grain silos. Models for certain
types of static configurations and certain types of flows have also been formulated [2-8]. On a
more practical level, improved quantitative knowledge of drag forces in flowing granular media
should prove useful for a large variety of engineering applications and a better understanding
of natural disasters such as avalanches and mud slides.

Studying flow around immersed objects has proven extremely important in the develop-
ment of modern fluid mechanics, opening up new fields such as boundary layers and turbulence.
Likewise, the dynamics of intruders, e.g. objects immersed and moving through granular
media, also have been crucial for understanding both slow and fast granular flows [9-12].
However, to date no general continuum theory describing these flows exists.

Most studies of dense granular drag of slow intruders have focused on horizontal motion
[9,10,13,14], or on intruders in draining hoppers [12]. The experimental results depend on
the type of granular medium studied, shearing rates [15], and whether the granular pack is
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confined or has a free top surface [16]. For example, Albert et al. [10] found that the drag
on spheroids slowly moving horizontally through monodisperse glass beads is independent of
the velocity as well as bead size, and depends linearly on the immersion depth of the intruder
and the intruder’s projected area. Chehata et al. [12] found that the drag forces of cylinders
inserted in narrow chutes depends linearly on the granular pressure (stress), and the projected
area. Recently, Stone et al. [17] investigated wall effects on the force of plunging discs which
approach the container bottom, and found that the excess plunging force, relative to the bulk
drag force, exponentially increases with decreasing distance from the container bottom. In
other experiments the forces on intruders in jammed granular media were investigated, where
the medium has been compactified by gentle tapping to maximize the static friction at the
container walls [18].

This letter reports new findings for vertical drag forces on intruders moving in shallow
beds of granular media where boundary effects are minimal. Two types of monodisperse
granular media, sand and glass beads, where the bead diameter varied over a decade, were
investigated. Several different shapes of intruders were used, which varied in size over a decade
and in some cases were even smaller than the glass beads they were moving through. Two
different power laws are identified and for all experiments the mean drag force scaled with the
intruder dimensions.

Ezperimental details. — The drag on vertically moving intruders was experimentally de-
termined using a simple set-up, involving a motorized translation stage and five-digit balance;
both controlled by a PC. Intruders of different shapes and sizes were attached via slender rods
(diameter 2mm) to a vertically moving translation stage mounted over a wide cylindrical glass
dish (typical diameter 190 mm, height 100 mm) filled with monodisperse granular media. Ta-
ble T gives the geometric details of the four types of intruders (cubes, spheres, vertical and
horizontal rods), and the two types of granular media (glass beads and sifted sand), and the
size of the containing dish. The intruders were continuously and slowly plunged and withdrawn
from relatively shallow beds of granular media (about 100 mm deep), and the drag force on the
moving intruders was measured as excess weight by a digital balance which supported the gran-
ular bed. Provided that the plunging and withdrawing velocities were smaller than 5mm/s,
the forces did not vary with velocity, and instead depended on the immersion depth and the
intruder’s geometry and orientation and details of the granular medium. For glass beads

TABLE I — Dimensions of four different intruder geometries as well as two types of granular media
and two types of containers, all in mm. ¢ denotes the width of the cubes and also the diameter of the
spheres and rods. L denotes the axial length of the horizontal rods. Z denotes the cube height.

Intruder shape

cube {x Z=64x6.4,25x 25,25 x 6.4
sphere (=32,6.4,13,25
vertical rod {=1.6,3.3,1.3

horizontal rod ¢ xL=0.79%52,3.2 x51,3.2 x 102,6.4 x 51,6.4 x 102,13 x 34,13 x 51,13 x 102
Granular media

glass beads d=0.2,0.5,0.9,2,5
sand d=20.5
Dish type
narrow width = 85, height = 100

wide width = 190, height = 100
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Fig. 1 — a) Average drag forces for plunging spherical intruders, diameter £, into beds of monodisperse
glass beads, diameter d, in the wide dish. All reported lengths are in mm. b) Rescaled plunging forces
of spheres. The best fit power-curve, shown as a solid line, is included. For comparison, the dashed
line shows a linear curve.

no history dependence was observed: successive plunging and withdrawing experiments gave
similar force measurements, and for statistical purposes 10 to 50 trials were averaged. This
was not the case however for sand, and care was taken to keep track of the shearing history.

Experimental results. — Figure la shows how the average plunging forces for spherical
intruders, F'y, increases with immersion depth, z, in glass beads (precision glass impact media
by Potter Industries Inc.). The plunging force increases with the intruder diameter, ¢, and is
basically independent of the bead diameter, d. When the size of the glass beads is comparable
to the spherical intruder (d ~ ¢) large fluctuations in the plunging force occur that still remain
after averaging over fifty trials. The log-log plot suggests power law behavior for the drag
forces. Figure 1b shows that the data indeed collapses nicely upon rescaling the immersion
depth z, which is the distance from the top free surface to the bottom of the intruder, by
the intruder diameter, ¢, and rescaling the force by pgV, where p is the density of glass
(p = 2.46g/cm?®), g is the gravitational acceleration and V is the sphere volume. Rescaling
the withdrawal forces for spherical intruders also collapses the withdrawing data (not shown).
In order to test wall effects, the experiments were repeated in a narrower glass dish with the
same filling height, and the averaged forces did not change (see tables I and II).

Further plunging and withdrawing experiments were preformed using vertical rods, and
cubes, one of which was a truncated cube with height one quarter of the width. The intruder
dimensions are given in table I, and the measured forces were close to those for spheres,
summarized in table II. The log-log plots and the independence of the drag forces from the
intruder’s vertical dimension (i.e. the truncated cube has similar drag forces as the cube)
suggest a power law that only depends on the lateral dimensions:

Fyi/(pgAl) = Cy(2/0)*, (1)

where A is the projected area, and ¢ is the minimal lateral dimension. The subscripts 4+ are
intended to distinguish the fitting parameters for plunging, C;, A1, from those for withdraw-
ing, C_, A_. Generally, the exponents for plunging were A; =~ 1.3, and for withdrawing the
exponents consistently were A\_ &~ 1.8. For comparison, a linear dependence of the drag on
the immersion depth is included in fig. 1b, which makes it clear that over several decades, the
drag dependence truly is supra-linear. The best fits are reported in table II. Submerging the
glass beads in water to reduce the gravitational force from pg ~ 24 kPa to pg ~ 14kPa, does
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TABLE II — Table summarizing power law behavior of plunging and withdrawing intruders of different
shapes under different conditions. ™ The gravitational force, pg has been modified to take into account
the buoyancy of water. ** For plunging into freshly poured sand.

Plunging Withdrawing
Intruder shape Ct Ay Cc_ Ao
Glass beads in wide dish
cube 21+5 1.24+0.3 —-1.1£0.6 1.94+0.5
sphere 15+3 1.2+£0.1 —1.24+0.6 1.84+0.3
vertical rod 10+2 1.44+0.1 —0.5+0.2 1.7+0.1
horizontal rod 942 1.3+0.1 —-0.7£0.1 1.6 +£0.1
Glass beads in water™
sphere 15+4 1.5+0.1 —-14+0.5 24+0.2
Glass beads in narrow dish
sphere 16£6 1.3£0.2 —2+1 1.8+0.3
Sand in wide dish
horizontal rod 20+ 7F 1+0.2% —-0.6+0.2 1.440.4

not change the dynamics, which is similar to findings that complete immersion in water does
not change the angle of repose [19].

The scaling of drag forces for horizontal rods of different aspect ratios, with diameter ¢ and
length L was measured, and fig. 2 shows good collapse using this rescaling for plunging and
withdrawing horizontal rods. The power law curve fits are consistent with those for intruders
that only had one lateral length scale (i.e. spheres and cubes).

In order to investigate the effects of particle shape and roughness of the granular media,
experiments for horizontal rods of different sizes were carried out using sifted sand (“play

C+ 29.5' /\+ =13

107

| Fy | / pgAt

Fig. 2 — Rescaled plots of the plunging forces, F, and the withdrawal forces, F_ for horizontal
rods in beds of monodisperse glass beads. Combinations of different dimensions, ¢ x L, and bead
dimensions, d, are listed in table I. Best power-curve fits are overlaid, and the fitting constants for
eq. (1) are shown.
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Fig. 3 — Rescaled plots of the drag forces of horizontal rods moving in a bed of sand: a) freshly poured
and b) after four plunging/withdrawing iterations. Best fits are included, and for the fifth plunge the
fit is for the region z/¢ > 4.

sand” purchased from Ace Hardware). While the withdrawing behavior for sand is close to
that for glass beads (see table II), there were two notable differences in the plunging behavior
of the sand: 1) the forces are considerably larger than for glass beads, 2) there is a history
dependence, i.e. the results varied with successive trials. The history dependence can be
seen by comparing the drag for freshly poured sand shown in fig. 3a with the plunging forces
after four plunging/withdrawing iterations shown in fig. 3b. In both cases the rescaled forces
collapse reasonably well. For the first trial the plunging force increases linearly with the
immersion depth, while after successive plunges/withdrawals the plunging force is larger and
cannot be fitted by a simple power-curve. Evidently, the shearing process introduces some
change in the arrangement and orientation of the sand grains that leads to changes in the
plunging force. As with glass beads, wrapping the horizontal rod in sandpaper affected the
drag negligibly.

Discussion. — The results summarized in table II show a surprising degree of consistency
in the prefactor and exponents of the power law (1) over a wide range of parameters. Taking
into account the error bars, all withdrawal experiments show similar power law behavior: the
exponents are clustered about A\_ ~ 1.8, and the prefactors are clustered about C_ ~ —1.
Except for plunging in sand, all plunging experiments have similar power laws: C, =~ 15
and Ay =~ 1.3. In a related publication, the group of Schiffer [17], investigated how nearby
boundaries increase the drag force on plunging intruders. They report that the drag force away
from the bottom boundary increases in a nearly linear fashion; however, closer inspection of
their data plots shows that sufficiently far away from the bottom boundary, the drag force
has positive curvature, indicative of supra-linear immersion dependence. This trend is made
apparent by the data reported here, since it spans over two decades in immersion depth, and
a large range of bead diameters and intruder dimensions.

For static granular packs there are several models describing the stress fields, such as the
Mohr-Coulomb failure analysis [2], Janssen’s model for stresses in silos [20] and the “oriented
stress linearity” model [3]. These models can account for interesting interactions of the stress
fields with the container walls, and in practice the side walls are gently tapped in order to fully
mobilize the wall friction [18]. In contrast, here the intruder’s continuous motion keeps the
granular medium locally fluidized, the container walls are far away, and there is no tapping.

A starting point for modeling the average force on the intruder is to consider the average
contact stresses acting on the intruder’s surface, which has components normal to the surface,
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Onn, and along the surface, o,:, where t is directed along the direction of the granular flow.
Since the intruder is continually moving, the stresses on the granular media close to the
intruder’s surface are at failure. The tangential stresses due to shearing against the intruder
surface are proportional to the normal stresses, as described by Coulomb’s friction law, o,,; ~
[Onn, where 11 is of order 1. The average drag force is the surface integral F ~ | s(onnft +
;w,mf)dS , where the first term is the pressure drop as in bluff body drag, and the second
term is frictional drag. Dividing the measured drag forces by the intruder’s projected area
gives estimates for the average pressure for glass beads on the advancing surface:

O(10)pgzt-34=%3  plunging,
Onn = O(1)pgz horizontal motion [10], (2)
O(1)pgzt80=98  withdrawing.

In contrast to horizontal motion, where the granular drag pressure increases linearly with
immersion depth, for vertical motion the drag increases more rapidly than the ambient gran-
ular pressure head p = pgz. It is interesting to contrast and compare this result with Stokes’
drag on slender bodies (such as rods), where unlike granular media, the fore-aft pressure drop
increases with velocity, v, and is independent of immersion depth. However similar to granular
media, the pressure drop scales inversely with the narrowest dimension which sets the length
scale for the flow around the rod: o, ~ Ap o< v€~1 [21].

The disparity in the magnitude of the plunging and withdrawing normal stresses is not
surprising, because the nature of the two types of granular flows is different. During plunging,
particles in the path of the intruder are “squeezed out” sideways, occasionally experiencing
strong dynamic force chains, whereas particles in the path of a withdrawing intruder can
simply move up collectively with particles continually falling out of the shrinking region of
upward-moving particles. The similarity in the withdrawing results for sand and glass beads
indicate a more universal behavior that is independent of the history and particle shape,
whereas the difference in the plunging forces for sand and glass beads shows that plunging is
strongly influenced by the shape of the particles.

While in the experiments reported here the plunging forces are always larger than the
withdrawal forces, extrapolation of eq. (2) indicates that there may be a crossing point, z ~
103¢, where the plunging forces may be less than the withdrawing forces. Further experiments
in larger granular beds (about 1 meter in size) are necessary to verify this prediction.

Conclusions. — There are very few continuum models for dynamic dense granular sys-
tems. An elementary model by Albert et al. [22] for drag in glass beads treats the force chains
as springs whose spring constants, k ~ pgzd, increase linearly with depth and break when a
critical compressive force has been achieved, F..; ~ kz. This leads to normal stresses, o,n,
that increase linearly with immersion depth, which agrees with certain drag experiments in
the horizontal direction using glass beads, and disagrees with other drag experiments where
sand is used as a granular medium [9]. But the data reported here clearly shows a non-linear
dependence of the drag on the immersion depth. For glass beads and the three directions in-
vestigated so far, horizontal, withdrawing and plunging, three different types of drag behavior
have been found, and quite likely for motion in other directions other different types of drag
behavior will be found.

The drag forces on slowly plunging and withdrawing intruders in dense beds of monodis-
perse glass beads and monodisperse, freshly poured sand show simple power law behavior
that only depends on the intruder’s lateral dimensions and immersion depth. Unlike sand,
there is little history dependence on shearing for glass beads. The power laws should prove
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helpful for theorists formulating the granular equivalent of Stokes drag in fluids, and gener-
ally serve as a model system for developing continuum, mean-field theory of non-conservative,
non-equilibrium, non-inertial driven systems. In contrast to the results here, very recent ex-
perimental and theoretical work for ballistic intruders (v > 1 m/s) falling into granular beds
(e.g. meteor strikes), show that the drag force has little immersion dependence and instead
depends strongly on the impact velocity [23,24].
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