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Studies of high-energy limit of QCD 
using Balitsky-Kovchegov equation



hadron structure & saturation

• open question of modern physics


• QCD


• complex → effective theories


• rich hadron structure evolution


• saturation → Balitsky-Kovchegov equation
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• colliding proton with a projectile at high E


• typically electron-proton DIS


• interest in photon-proton cross section 

σγ*p
L,T (x, Q2)

hadron structure & experiment

3



• replace γ* with the colour dipole


• probability ~ light cone wave 

function 


• shockwave approximation

|ψ( f )
T,L( ⃗r, Q2, z) |2

the colour dipole model
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the colour dipole model
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σγ*p
L,T (x, Q2) = ∑

f
∫ d2 ⃗r ∫

1

0
dz |ψ( f )

T,L( ⃗r, Q2, z) |2 2∫ d2b⃗N( ⃗r, b⃗, x̃f(x))



dipole-hadron scattering
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1
2p−

1
2(p− + k−)

ū(p + k) igγμAμ(k) u(p) ≈ igA+(k)

→ ∫ dx−igA+( ⃗x)



dipole-hadron scattering
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ig
+∞

∫
−∞

dx−
1 A+( ⃗x1) (ig)2

+∞

∫
−∞

dx−
1

+∞

∫
x−

1

dx−
2 A+( ⃗x2)A+( ⃗x1) P exp ig

+∞

∫
−∞

dx−A+( ⃗x)



dipole-hadron scattering
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N(x0, x1) = 1 − ⟨ 1
NC

tr [V1V†
0 ]⟩



dipole-hadron scattering
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∂N(r, b, η)
∂η

= ∫ d2r1K(r, r1, r2) [N(r1, b1, η1) + N(r2, b2, η2) − N(r, b, η) − N(r1, b1, η1)N(r2, b2, η2)]



dipole-hadron scattering
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Klo =
αsNC

2π
r2

r2
1r2

2

Kci =
ᾱs

2π
r2

r2
1r2

2 [ r2

min{r2
1, r2

2} ]
±ᾱsA1

∂N(r, b, η)
∂η

= ∫ d2r1K(r, r1, r2) [N(r1, b1, η1) + N(r2, b2, η2) − N(r, b, η) − N(r1, b1, η1)N(r2, b2, η2)]



numerical solutions - 1D
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2∫ dbN(r, b, Y) ≈ σ0 N(r, Y)



numerical solutions - 1D
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numerical solutions - 2D
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2∫ dbN(r, b, Y) ≈ 4π∫ dbN(r, b, Y)



numerical solutions - 2D
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detour: Y vs η

∂N(r, b, η)
∂η

= ∫ d2r1K(r, r1, r2) [N(r1, b1, η1) + N(r2, b2, η2) − N(r, b, η) − N(r1, b1, η1)N(r2, b2, η2)]

∂N(r, b, Y)
∂Y

= ∫ d2r1K(r, r1, r2) [N(r1, b1, Y) + N(r2, b2, Y) − N(r, b, Y) − N(r1, b1, Y)N(r2, b2, Y)]



numerical solutions - 2D
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numerical solutions - 3D
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2∫ dbN(r, b, η) ≈ 2∫ dbN(r, b, θ, η)



numerical solutions - 3D
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numerical solutions - 3D
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further steps
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• 4D solution


• observables sensitive to 3D and 4D


• dijet production


• nuclear target calculations


• higher order corrections



thank you
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backup












N(r, b, θ, x) = 1 − e−( x0
x )λQ2

s0
r2
4 T(b,r)(1 + c cos(2θ))

N(r, b, θ) = (1 − e−Q2
s0

r2
4 ) T(b, r)(1 + (1 − e−( rb

2B )
2

)cos(2θ))
N(r, b, θ) = 1 − e−Q2

s0
r2
4 T(b,r)(1 + c

2 cos(2θ))

N(r, b, θ) = 1 − e−Q2
s0

r2
4 [ln( 1

r2m2 + e) + b2
6m2R4 cos(2θ)]T(b,r)

N(r, b, θ) = 1 − e−Q2
s0

r2
4 T(b,r)(1 + c cos(2θ))
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T(r, b) = e− b2 + (r/2)2
2B


