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ve smyslu §60 Zákona č. 121/2000 Sb., o právu autorském, o právech souvisej́ıćıch s
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Introduction

Over the past few decades, remarkable progress has been made in our understanding
of the inner structure of the proton. The foundation for these studies is provided by the
deep inelastic scattering (DIS) experiments in which a high-energy lepton probes the
structure of a hadron. Theoretician James Bjorken predicted that the cross section for
electron-proton DIS would exhibit a scaling behavior. Richard Feynman proposed that
this scaling behavior indicated the presence of point-like constituents within the proton,
so-called partons, which were later identified as quarks, particles whose existence can
only be proven by dynamics effects.

The partonic structure of the proton is presented in terms of parton distribution
functions (PDFs) that describe partonic densities as a function of longitudinal mo-
mentum fraction x of the proton carried by the parton. After the measurement of the
the total fraction of the proton momentum carried by quarks, the experiments showed
that this fraction was about half the total, which was the first indirect evidence for the
existence of gluons, particles with no electric charge. Gluons interact with quarks, but
also with themselves, which arises from the fact that gluons carry color charge. The
understanding of these strong interactions between quarks and gluons, which govern
the structure of hadrons like proton, is formulated by the theory of Quantum Chromo-
dynamics (QCD).

To date, the most precise deep inelastic scattering data on the proton structure is
provided by the H1 and ZEUS experiments at HERA [4]. Study of the partonic struc-
ture of the proton necessitates the use of evolution equations. These equations describe
how the parton densities evolve with respect to the resolution scale Q2 and x. At higher
values of virtuality Q2, corresponding to shorter-wavelengths of the virtual DIS pho-
ton, it is possible to resolve finer detail, which is the reason, why Q2 is often reffered as
resolution scale. Consequently, rising number of smaller quarks are “seen” in high-Q2

deep inelastic scattering. The evolution of parton density with Q2 is described by the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equations [6–9]. On the
other hand, BFKL [10–12] deals with the evolution in x and a fixed scale Q2, where the
steep rise of gluons is observed at low x. However, as the gluon density rises dramat-
ically with growing energy the solution of the BFKL equation does not correspond to
some experimental data, which show less gluons, than predicted. At higher densities,
the gluons in the hadron begin to overlap with each other and the nonlinear gluon
recombination process becomes relevant. When this reaches a critical point, known as
the saturation point, the number of gluons in a hadron is stabilized by a dynamical
balance between radiation and recombination processes. There are many approaches
to the study the saturation phenomena. It is provided as a solution of the non-linear
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evolution equations, e.g. Balitsky-Kovchegov equation [13–15], an integro-diferencial
equation with divergent kernel. A different approach relies on phenomenological mod-
eling of the physics by using physically credible arguments for how things should work.

We will focus on the so-called Hot-spot model [30], based on the color-dipole ap-
proach. In this model, the proton configuration is represented by hot spots - localized
regions of high partonic density, which change positions randomly on an event-by-event
basis. The number of hot spots increases with decreasing x. This gives the proton a
non-trivial internal structure that corresponds to its quantum nature. To further en-
hance our understanding of the dynamics of parton distributions within the proton we
explore variations of this model and incorporate energy-dependent sizes of the proton
and hot spots.

The thesis is organized into three main chapters. The thesis begins with an explo-
ration of the phenomenology of collisions at high energies, focusing on the study of
proton’s structure. This includes a description of the deep inelastic scattering and the
evolution of the partonic structure. In the second chapter, the focus shifts to vector
meson production. We review the dipole picture for vector meson production and mod-
els used to calculate components of the scattering amplitude. Next we introduce the
Hot-spot model and discuss its modifications. In the final chapter we present results for
the cross section of exclusive and dissociative vector meson production and compare
our predictions with the data.
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Chapter 1

Phenomenology of collisions at high
energies

1.1 Hadron structure and the deep inelastic scat-

tering

High energy scattering experiments, in which a lepton scatters off the nucleon, have
an important role in the study of the hadron structure. The process is mediated through
the exchange of the virtual vector photon γ∗, radiated by the incoming lepton, with
the hadron, probing its internal structure.

We will consider electron-proton scattering, here the result depends on the wave-
length of the virtual photon. Elastic scattering occurs at very low energies when the
wavelength of the virtual photon is large in comparison to the radius of the proton.
When the wavelength of the virtual photon becomes shorter than the radius of the
proton, inelastic scattering would occur. In this case, the virtual photon interacts with
a constituent quark, causing the proton to break apart. With an even greater increase
of energy, the wavelength of the virtual photon becomes significantly short to probe
the detailed dynamic structure of the proton. The dominant process in this regime is
the deep inelastic scattering. Figure 1.1 shows the nature of ep scattering depending
on the wavelength of the virtual photon.

Figure 1.1: The elastic scattering (left), the inelastic scattering (middle) and the deep
inelastic scattering (right).
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1.1.1 Deep inelastic scattering

Let us consider the deep inelastic scattering of the electron off the proton, schemati-
cally shown in Figure 1.2. The discussion of DIS is expressed in the following kinematic
notation.

Figure 1.2: The deep inelastic scattering of the electron with the associated four-
momentum p1 off the proton with the four-momentum p2. MX represents the total
invariant mass of outgoing particles.

The Mandelstam variable s defined as

s := (p1 + p2)
2 (1.1)

represents the square of the center of mass (CMS) energy of the electron–proton system.
One can also define the variable W 2 as

W 2 = (p2 + q)2, (1.2)

which denotes the total energy at hadron production vertex, where

q = p1 − p3 (1.3)

is the four-momentum of emitted virtual vector photon γ∗. As a consequence of the
total four-momentum conservation, following relation must hold

M2
X = W 2 = (p2 + q)2 = p22 + 2p2 · q + q2, (1.4)

where MX represents the total invariant mass of the hadronic system.
The three quantities often used to describe the processes of DIS are the virtuality

of the photon
Q2 = −q2, (1.5)

the dimensionless Bjorken-x variable

x :=
Q2

2p2 · q
=

Q2

W 2 +Q2 −m2
p

(1.6)
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and inelasticity

y :=
p2 · q
p2 · p1

. (1.7)

Here, the mass of the proton is denoted by mp. The virtuality Q2 corresponds to the
momentum transferred during scattering, and the scale Q2 determines the resolution
of the scattering process. The Bjorken-x is in the context of the infinite momentum
frame, interpreted as the fraction of proton’s longitudinal momentum carried by one of
its constituents. In the high energy limit, which corresponds to s ∼ Q2/x, Bjorken-x
decreases. The inelasticity y quantifies the fraction of the initial electron energy lost in
collision. In the case of DIS the inelasticity y → 1.

Figure 1.3: Parton density evolution. The vertical axis shows the parton density and
horizontal axis represents the resolution of the probe.

Cross section and Parton model

For the deep inelastic scattering we get the following relation for differential cross
section:

d2σ

dxdQ2
=

4πα2
em

Q4

[
(1− y)

F2(x,Q
2)

x
+ y2F1(x,Q

2)

]
, (1.8)

where αem is the electromagnetic coupling constant. The cross section is proportional
to the combination of two structure functions F1(x,Q

2) and F2(x,Q
2), which generally

depend on both Q2 and x. However, first experimental data showed that structure
functions are independent of Q2,

F1(x,Q
2) → F1(x) and F2(x,Q

2) → F2(x), (1.9)
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which is called Bjorken scalling. The absence of dependence of Q2 indicates scattering
from point-like constituents. Moreover, the structure functions are not independent,
but the Callan-Gross relation [1],

F2(x) = 2xF1(x), (1.10)

holds. This observation suggests that scattering occurs on fermions with spin 1/2.
Consequently, the underlying process can be interpreted as the elastic scattering of the
electron off one of the partons inside the proton.

The parton model proposed by Feynman [2, 3], which is formulated in the infinite
momentum frame, understands hadrons as composite objects of point-like particles
(partons) each of them carries a fraction of the total proton longitudinal momentum,
which corresponds to the Bjorken-x, while the transverse momenta of partons are
neglected. The sum over the momenta of all partons should correspond to the total
momentum of the proton. The experiments, however have revealed that quarks carry
approximately half of the total momentum of the proton. The remainder is carried by
the gluons, which are electrically neutral bosons.

Nevertheless, the proton is a dynamic system, where quarks are constantly ex-
changing gluons by strong interaction. These gluons can fluctuate into the sea quark-
antiquark pairs, which tend to occur in the low-x region.

Figure 1.4: The evolution in Bjorken-x of the valence-quarks, sea-quarks and gluons
distributions measured at HERA [4].
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1.1.2 Evolution of the partonic structure

The investigation of parton distribution functions was carried out by the ZEUS
and H1 experiments at HERA, providing information about how the structure of the
proton depends on variables x and Q2 (resolution scale). In the high-energy limit, which
corresponds to small x, the density of partons increases significantly, and the partonic
system is predominantly formed by gluons. At high momentum transfer and a fixed
x, an observation reveals the presence of a clusters of smaller partons. The vertical
direction describes the evolution of the proton structure with increasing resolution
scale.

Figure 1.5: Evolution of the partonic structure of the proton and the regions of appli-
cability of evolution equations.

DGLAP

With increasing Q2, the number of resolved partons within the proton increases.
The probability of finding a quark at high momentum fraction x is decreasing, due
to the fact that high-momentum quarks lose momentum by radiating gluons [5]. The
DGLAP (Dokshiter-Gribov-Lipatov-Altarelli-Parisi) [6–9] evolution equation

dqf (x,Q
2)

d lnQ2
=
αS

2π

∫ 1

x

dy

y

(
qf (y,Q

2)Pqq

(
x

y

)
+ g(y,Q2)Pqg

(
x

y

))
, (1.11)

dg(x,Q2)

d lnQ2
=
αS

2π

∫ 1

x

dy

y

(
qf (y,Q

2)Pgq

(
x

y

)
+ g(y,Q2)Pgg

(
x

y

))
(1.12)

expresses that the quark qf (x,Q
2) with flavor f , or gluon g(x,Q2), with the momentum

fraction x could have come from the parent quark qf (y,Q
2), or gluon g(y,Q2), with
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momentum fraction y. The splitting functions Pij capture the dynamics of parton
emission and annihilation, which contribute to the evolution of parton densities within
the hadron.

This splitting function Pqq describes the probability of a parent quark emitting a
gluon, leading to a daugher quark with reduced momentum fraction by a factor of z.
Similarly, the splitting function Pgg represents the probability of gluon emission from a
parent gluon. The function Pgq characterizes the probability of generating a daughter
gluon through the annihilation of a quark-antiquark pair and the splitting function
Pqg corresponds to the probability of a gluon converting into a qq̄ pair, with the quark
carrying a momentum fraction z and the antiquark carrying a momentum fraction
(1− z).

1− z

z

Pqq

1− z

z

Pqg

1− z

z

Pgq

1− z

z

Pgg

Figure 1.6: Symbolic representation of splitting functions.

Evolution with decreasing x

Having explored the evolution of parton densities with respect to resolution, we now
turn our attention to the evolution with decreasing x. The BFKL evolution equation,
which was suggested by Balitsky, Fadin, Kuraev and Lipatov [10–12] deals with the
high energy limit (large s), which corresponds to small-x, and fixed Q2. This equation
describes the linear evolution of gluon densities as the rapidity, Y = ln 1

x
, increases. Ac-

cording to the BFKL equation, parton densities exhibit a steep rise with decreasing x.
As the solution of the BFKL equation progresses, the total cross section demonstrates
exponential growth with increasing rapidity, indicating that a greater number of gluons
are emitted. Consequently, the probability of further emissions increases, leading to a
divergence in the cross section.

At a certain point, as parton densities evolve with ln 1
x
, the proton becomes densely

filled with gluons. At this stage, the probability of interaction between two gluons can
no longer be overlooked, and individual partons eventually start to overlap or shadow
each other. As a critical gluon density is reached, gluon wave functions begin to over-
lap, resulting in gluon recombination becoming as important as gluon branching, which
causes the evolution of gluon densities to deviate from linearity and become nonlinear as
x decreases. Consequently, the rapid growth of the gluon distribution is eventually con-
strained. This phenomenon, known as saturation, occurs when the dynamical balance
between the gluon recombination (gg → g) and the radiation (g → gg) is reached. The
BFKL evolution equation does not account for gluon recombination, which becomes
important in the kinematic region of very small-x. To accurately describe the dynamics
in this regime, nonlinear evolution equations are required. Some of the widely studied
are the JIMWLK (Jalilian-Marian-IancuMcLerran-Weigert-Leonidov-Kovner) [16–19]
evolution equation and BK (Balitsky-Kovchegov) [13–15] evolution equation obtained
as the simplified version of JIMWLK.
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Chapter 2

Vector meson production within
the color dipole picture

Up to this point, we considered the infinite momentum frame. In low-x region, it
is useful to consider the collision from a perspective, where the target particle (pro-
ton) is at rest. In this frame, the process of vector meson production is based on the
concept of color dipoles, where the virtual photon fluctuates into a pair of quark and
antiquark, each carrying a fraction of the original momentum z or (1−z), respectively.
The transverse size of the dipole is represented by the variable r⃗. The qq pair interacts
with the target proton through the exchange of a colorless state with quantum numbers
of vacuum, known as the Pomeron [20], which in the simplest approximation can be
represented by two gluons, leading to various final-state particles.

Figure 2.1: Schematic diagrams illustrating the elastic scattering in the context of the
color dipole picture. Variable r⃗ represents the transverse size of the dipole and b⃗ is the
impact parameter between the dipole and the target.

Exclusive vector meson production refers to the process in which the target proton
remains intact, leading only to the production of a vector meson. In contrast, dissocia-
tive vector meson production involves the production of a vector meson along with a
breakup of the target proton. Vector meson production can occour in both photopro-
duction (where Q2 → 0) and electroproduction (where Q2 ≳ 1).
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Figure 2.2: Schematic diagrams illustrating the exclusive (left) and dissociative (right)
production of a vector meson.

The amplitude for the exclusive vector meson (VM) production is denoted by [21]

Aγ∗p→VMp
T,L (x,Q2,∆) = i

∫
d2r

∫ 1

0

dz

4π
|Ψ∗

VMΨγ∗|T,LAqq(x, r,∆), (2.1)

where Aqq represents the amplitude of the dipole scattering with the target and
|Ψ∗

VMΨγ∗ |T,L are the overlaps between the photon wave function Ψγ∗ and vector me-
son wave function ΨVM , which describe the fluctuation of the photon into the dipole
and the formation of the vector meson in the final state, respectively. In this case, the
Bjorken-x takes form

x =
M2

VM +Q2

W 2 +Q2
, (2.2)

where MVM represents the invariant mass of the given vector meson and W 2 is the
square of center of mass energy of the photon proton system. In order to describe
the process of vector meson production, a new variable t = (P⃗ − P⃗ ′)2, the square of
momentum transfer in the proton vertex, is used. The transverse momentum lost by
the outgoing proton, ∆⃗ = P⃗ − P⃗ ′, is related to t through relation

∆2 = −t. (2.3)

The amplitude (2.1) can be formulated as [21]

Aγ∗p→VMp
T,L (x,Q2,∆) = i

∫
d2r

∫ 1

0

dz

4π

∫
d2b |Ψ∗

VMΨγ∗|T,L e−i[⃗b−(1−z)r⃗]∆⃗ dσqq

d2b
(2.4)

with b⃗ being the impact parameter between the proton and the dipole, variable r⃗
represent the dipole transverse radius and z⃗ the momentum fraction of the photon
carried by a quark. Furthermore, the information about the interaction between a
color dipole and the proton is encoded in the differential qq− p cross section dσqq/d

2b.
Using Bessel functions of the first kind (J0), and further, by using the spherical

symmetry of the proton, the amplitude reduces to

Aγ∗p→VMp
T,L = i

∫ ∞

0

dr2πr

∫ 1

0

dz

4π

∫ ∞

0

db2πb|Ψ∗
VMΨγ∗|T,LJ0(b∆)J0[(1− z)r∆]

dσqq

d2b
.

(2.5)
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In order to calculate the amplitude, the the wave function and the color dipole cross
section need to be modeled. These components will be discussed in the following sec-
tions.

In the color dipole picture, the differential cross section for the exclusive vector
meson production is given by

dσγ∗p→VMp
T,L

d|t|
=

(
1 + β2

T,L

)(
RT,L

g

)2
16π

∣∣Aγ∗p→VMp
T,L

∣∣2, (2.6)

where the factor
(
1 + β2

T,L

)
accounts for the contribution from the real part of the

amplitude [21]. βT,L is calculated as

βT,L = tan(πλT,L/2), where λT,L =
∂ ln

(
Aγ∗p→VMp

T,L

)
∂ ln 1

x

. (2.7)

The second factor

RT,L
g =

22λT,L+3

√
π

Γ(λT,L + 5
2
)

Γ(λT,L + 4)
(2.8)

represents the skewedness correction [22], which addresses the presence of two distinct
values of x in the interaction while only one appears in equation (2.5). The result-
ing differential cross section is given by the sum of the transverse and longitudinal
contributions:

dσγ∗p→VMp

d|t|
=

1

16π

((
1 + β2

T

)(
RT

g

)2∣∣Aγ∗p→VMp
T

∣∣2 + (
1 + β2

L

)(
RL

g

)2∣∣Aγ∗p→VMp
L

∣∣2).
(2.9)

The integral of the differential cross section over t, in the range given by the experi-
mental data, gives the total cross section

σ(x,Q2) =

∫ tmax

0

d|t| dσ
d|t|

. (2.10)

2.1 Wave functions of vector meson

The modeling of the scalar part of wave functions, ϕT,L, in vector meson production
assumes that vector mesons primarily consist of a qq pair with a polarization structure
identical to that of a photon. The overlaps between the photon-meson wave functions
are given as [21]

|Ψ∗
VMΨγ∗|T = êfe

Nc

πz(1− z)

[
m2

fK0(ϵr)ϕT (r, z)− [z2 + (1− z)2]ϵK1(ϵr)∂rϕT (r, z)
]
,

(2.11)

|Ψ∗
VMΨγ∗|L = êfe

Nc

π
2Qz(1− z)K0(ϵr)

[
MVMϕL(r, z) + δ

m2
f −∇2

r

MVMz(1− z)
ϕL(r, z)

]
,

(2.12)
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where e =
√
4παem, and Nc = 3 is the number of colors. The effective charge of given

vector meson is represented by êf = 2
3
, 1
3
, 1
3
, and 1√

2
for the J/ψ, Υ(1S), ϕ and ρ meson,

respectively. TheMVM is the invariant mass of vector meson and mf is the mass of the
quark of flavor f . K0,1 are the Bessel functions of the second kind, ϵ2 = z(1−z)Q2+m2

f

and ∂rK0(ϵr) = −ϵK1(ϵr). ∇2
r denotes the Laplace operator.

The scalar part ϕT,L of the wave function depends on the model used. In this work,
two models are used, ”Gaus-LC” [23] and ”boosted Gaussian” [24–26]. In the Gaus-LC
model, the parameter δ used in (2.12) is set to δ = 0. The scalar parts of the wave
function are defined as

ϕT (r, z) = NT (z(1− z))2 exp

(
− r2

2R2
T

)
, (2.13)

ϕL(r, z) = NLz(1− z) exp

(
− r2

2R2
L

)
. (2.14)

The values of the constants NT,L and RT,L are given in Table 2.1. Therefore, the form
of the overlap functions (2.11),(2.12) for Gaus-LC is

|Ψ∗
VMΨγ∗ |T = êfe

Nc

πz(1− z)

[
m2

fK0(ϵr)ϕT (r, z)−[z2+(1−z)2]ϵK1(ϵr)
(
− r

R2
T

)
ϕT (r, z)

]
,

|Ψ∗
VMΨγ∗ |L = êfe

Nc

π
2Qz(1− z)K0(ϵr)MVMϕL(r, z).

The following model is boosted Gaussian in which the scalar parts are given as

ϕT,L(r, z) = NT,Lz(1− z) exp

(
−

m2
fR2

8z(1− z)
− 2z(1− z)r2

R2
+
m2

fR2

2

)
. (2.15)

In the boosted Gaussian case, the parameter δ = 1, hence the overlap functions (2.11),
(2.12) can be rewritten as

|Ψ∗
VMΨγ∗|T =êfe

Nc

πz(1− z)
ϕT (r, z)·

·
[
m2

fK0(ϵr)− [z2 + (1− z)2]ϵK1(ϵr)

(
−4z(1− z)r

R2

)]
,

|Ψ∗
VMΨγ∗|L =êfe

Nc

π
2Qz(1− z)K0(ϵr)ϕL(r, z)·

·
[
MVM +

m2
f

MVMz(1− z)
+

8(R2 − 2z(1− z)r2)

R4MVM

]
with parameters NT,L and R given in Table 2.2.
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MV [GeV] mf [GeV] NT R2
T [GeV−2] NL R2

L [GeV−2]

J/ψ 3.097 1.4 1.23 6.5 0.83 3.0

ϕ 1.019 0.14 4.75 16.0 1.41 9.7

ρ 0.776 0.14 4.47 21.9 1.79 10.4

Table 2.1: Parameters of the Gaus-LC model for vector meson wave functions [21].

MV [GeV] mf [GeV] NT NL R2 [GeV−2]

J/ψ 3.097 1.4 0.578 0.575 2.3

ϕ 1.019 0.14 0.919 0.825 11.2

ρ 0.776 0.14 0.911 0.853 12.9

Υ(1S) 9.460 4.2 0.478 0.478 0.585

Table 2.2: Parameters of the boosted Gaussian model for vector meson wave functions
[21], [32].
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Figure 2.3: The overlap functions between the vector meson and photon wave function
integrated over z for different values of Q2.
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2.2 Dipole cross section

The dipole-proton cross section can be obtained from the imaginary part of the
dipole-proton amplitude N(x, r⃗, b⃗) using the optical theorem [21]:

dσqq

d⃗b
= 2N(x, r⃗, b⃗). (2.16)

The factorized form of the dipole cross section, given by

dσqq

d⃗b
= σ0N(x, r)Tp(⃗b) (2.17)

involves the proton profile function Tp(⃗b), which describes the proton profile in the
impact parameter plane. This factorization, which was proposed in [29], allows the
separation of contributions arising from fluctuations in the proton structure and the
energy dependence of the cross section. The term σ0 represents a normalization factor,
which is fixed in this work to σ0 = 4πBp. The parameter Bp may be interpreted as the
average of the squared transverse radius of the proton and will be further discussed in
following sections. It is crucial to note that the use of the factorized form of the dipole
cross section with the proton profile function is model-dependent and does not hold
universally.

GBW parameterization

The dipole amplitude can be obtained using various parameterizations. One of the
well-known example is the model proposed by Golec-Biernat and Wüsthoff [27,28]:

N(x, r) =

[
1− exp

(
− r2Q2

s(x)

4

)]
(2.18)

with Qs(x) being the saturation scale,

Q2
s(x) = Q2

0

(x0
x

)λ

[GeV2], (2.19)

where Q2
0 is parameter, which is set to 1 GeV2. The exponent λ characterizes the

growth of the dipole cross section with decreasing x, indicating the rapid increase of
parton densities in the high-energy regime. The term x0 is a free parameter, listed in
Table 2.4.

Proton profile function

Various prescriptions for proton profile functions Tp(b) can be used to parameterize
the gluon density within the proton. In this work we use a Gaussian distribution and
a set of random fluctuations to describe the proton transverse profile.

Gaussian distribution

Tp(b) =
1

2πBp

e
− b2

2Bp , (2.20)

describes the exponential fall-off of parton density as a function of transverse distance
from the proton center.
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Integration of the differential dipole cross section over the impact parameter, gives
the expression

σqq =

∫
d2bσ0N(x, r)Tp(b) = σ0N(x, r), (2.21)

where the normalization condition ∫
d2b Tp(b) = 1 (2.22)

has been applied.

Hence, the amplitude (2.5) can be written as

Aγ∗p→VMp
T,L = iAb · (Ar)T,L (2.23)

where

Ab =

∫ ∞

0

db 2πbJ0(b∆)Tp(b), (2.24)

(Ar)T,L = σ0

∫ ∞

0

dr 2πrN(x, r)(Az)T,L, (2.25)

(Az)T,L =

∫ 1

0

dz

4π
|Ψ∗

VMΨγ∗|T.LJ0((1− z)r∆). (2.26)

2.3 Hot-spot model

Due to the quantum nature of the proton, its structure changes from interaction to
interaction. According to this model, which was used in [30] to study the photopro-
duction of J/ψ, the parton distribution within the proton is not uniform, but exhibits
localized regions of higher parton densities, known as hot spots. The number of hot
spots at random positions bj is denoted by Nhs, and each hot spot follows a Gaussian
distribution

Ths(⃗b− b⃗j) =
1

2πBhs

e
−

(⃗b−b⃗j)
2

2Bhs (2.27)

characterized by a width Bhs, which can be interpreted as an average of the squared
radius of the hot spot. The proton profile is then given by

Tp(⃗b) =
1

Nhs

Nhs∑
j=1

Ths(⃗b− b⃗j). (2.28)

Each vector b⃗j is sampled from a two-dimensional Gaussian distribution centered at
the origin (0, 0) with a width Bp.
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The Hot-spot model includes the indirect energy dependence of the proton profile
Tp(⃗b) through the evolution of the number of hot spots depending on x. Nhs is then
a randomly generated integer value from the zero-truncated Poisson distribution, with
Poisson distribution mean value being

⟨Nhs(x)⟩ = p0x
p1(1 + p2

√
x), (2.29)

where p0, p1 and p2 are parameters listed in Table 2.5. This reflects the concept that
at a given fixed scale, the number of hot spots increases with increasing energy.

By combining all the components and utilizing the analytical evaluation of certain
integrals [31], the amplitude can be expressed as follows:

AT,L = iAb · (Ar)T,L, (2.30)

with

Ab =

∫
d⃗be−i⃗b·∆⃗T (⃗b) = e

(
−Bhs∆

2

2

)
1

Nhs

Nhs∑
j=1

e−ib⃗j ·∆⃗, (2.31)

(Ar)T,L = σ0

∫
dr2πr

∫ 1

0

dz

4π
|Ψ∗

VMΨγ∗|T,L J0((1− z)r∆)N(x, r). (2.32)

The cross section for the exclusive process is then given by

dσγ∗p→VMp
T,L

d|t|
=

(
RT,L

g

)2
16π

|⟨AT,L⟩|2 (2.33)

and the cross section for the dissociative process where, the proton dissociates into a
system Y is

dσγ∗p→VMY
T,L

d|t|
=

(
RT,L

g

)2
16π

(
⟨|AT,L|2⟩ − |⟨AT,L⟩|2

)
. (2.34)

2.4 Energy dependence of parameters

In the standard formulation, the proton profile function Tp(⃗b) is characterized by
fixed parameters Bp and Bhs, which represent half of the average squared radius of
the proton and the hot spot, respectively. However, to account for energy-dependent
effects and further enhance the model’s accuracy, it is desirable to introduce an energy-
dependent Bp and Bhs.

The energy-dependent Bp(W ), where W represents the energy of the system, is
introduced based on measurements from HERA [34] that leads to the formula

Bp(W ) = B0 + 4α′ ln

(
W

W0

)
, (2.35)

which demonstrates that Bp(W ) follows a logarithmic scaling with respect to the W .
Parameters B0, W0 and α′ obtained from a fit to data are listed in Table 2.3.
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Q2 [GeV2] B0 [GeV−2] α′ [GeV−2] W0 [GeV]

≲ 1 4.63 0.164 90

2− 80 3.86 0.019 90

Table 2.3: The parameters corresponding to energy dependent radius of the proton
with slope parameterization from [34].

Furthermore, we can also take into account the energy dependence of the Bhs using
following formula

Bhs(x) = k

(
x

x0

)λ

, (2.36)

where k is parameter, that will be shown in the following chapter. This expression
shows that Bhs(x) is inversely related to the saturation scale Q2

s defined in (2.18).
Q2

s represents a scale on which we see the saturated region. If we increase the scale, we
should see bigger details of hot spots, and what seemed to be one hot spot at a certain
scale may be more smaller hot spots at bigger scale. Consequently, the number of hot
spots, Nhs, needs to be compensated, which is achieved by modifying the parameters
p0, p1, and p2.

Combining the energy-dependent Bp and Bhs within the Hot-spot model provides a
more comprehensive and realistic description of the proton structure and the distribu-
tion of hot spots.

λ x0

GBW 0.287 1.11 · 10−4

Hot spot 0.21 2 · 10−4

Table 2.4: The table presents the parameters associated with the GBW [21] and Hot-
spot [29] parameterizations.

Bp [GeV−2] Bhs [GeV−2] p0 p1 p2

A 4.7 0.8 0.011 -0.58 300

B B0 + 4α′ ln(W/W0) 0.8 0.01 -0.65 200

C 4.7 1/2(x/x0)
λ 0.008 -0.69 200

D B0 + 4α′ ln(W/W0) 1/2(x/x0)
λ 0.0085 -0.67 200

Table 2.5: The table provides an overview of the parameter values p0, p1 and p2 corre-
sponding to different scenarios (A-D) in the Hot-spot model.

Table 2.5 presents a summary of parameter values p0, p1, and p2 corresponding
to different scenarios labeled (A-D) within the Hot-spot model. In scenario A, both
parametersBp andBhs are fixed. ScenarioB features an energy-dependentBp(W ) while
keeping Bhs fixed. In scenario C, Bp remains fixed, but Bhs(x) is energy-dependent.
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Finally, scenario D considers both Bp(W ) and Bhs(x) energy-dependent. For scenarios
C and D, the parameter k was chosen as 1/2.

The following figures provide visualizations of the transverse profile of the proton,
illustrating its shape under different scenarios (A-D).

Figure 2.4: A) Shape of the transverse profile of the proton generated from Hot-spot
model with fixed Bp and Bhs for different values of x.

Figure 2.5: B) Shape of the transverse profile of the proton generated from Hot-spot
model with energy dependent Bp(W ) and fixed value of Bhs for different values of x.
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Figure 2.6: C) Shape of the transverse profile of the proton generated from Hot-spot
model with fixed value of Bp and energy dependent Bhs(x) for different values of x.
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Figure 2.7: D) Shape of the transverse profile of the proton generated from Hot-spot
model for energy dependent Bp(W ) and Bhs(x) for different values of x.
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Chapter 3

Results

My research is primarily focused on studying differential and total cross sections
for exclusive and dissociative vector meson production. The initial part of the study
introduces the cross section predictions obtained using the GBW parameterization in
combination with Gaussian distribution for the proton’s transverse profile function.
Subsequent sections focus on predictions obtained with the Hot-spot model, as well as
various modifications to this model. The results are then compared with the experi-
mentally measured data.

3.1 Cross section with GBW model

In this section the predictions for the differential and total cross section for exclu-
sive production of J/ψ, ρ and ϕ mesons are presented. These predictions are calculated
using relations (2.9) and (2.10). The amplitude for exclusive vector meson production
can be expressed as given in equation (2.23), where the integral over the dipole sizes,
denoted by Ar, is governed by Az and the dipole scattering amplitude N(x, r). Here,
the dipole scattering amplitude N(x, r) is obtained using the GBW parameterization
(2.18) with parameters specified in Table 2.4. The parameter σ0 is determined through
the relation σ0 = 4πBp, where Bp is chosen as Bp = 4 GeV−2 [31], except for the pho-
toproduction of ρ meson, where Bp is set to 8 GeV−2 for normalization purposes [30].
The component Ab of the photon-proton scattering amplitude depends on the proton
profile function function Tp(b), which is in this case represented by the the Gaussian dis-
tribution (2.20). The integral over b is computed numerically using Simpson’s rule [33].
Both the boosted Gaussian and Gaus-LC prescriptions for the wave functions are used.
The predictions are compared to experimental data obtained from the H1 and ZEUS
experiments at HERA [34–39].

Figure 3.1 displays the differential cross section as a function of momentum transfer
|t| for different values of Q2, while keeping W fixed at 75 GeV2 for the ρ and ϕ mesons,
and W = 100 GeV2 for the J/ψ meson. Figure 3.2 shows the comparison of the pre-
dictions to the data for the total cross section of exclusive vector meson production.
The model exhibits good agreement with the data, particularly at low values of Q2.
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Figure 3.1: Differential cross section for exclusive production of J/ψ, ρ and ϕ mesons
using GBW parameterization. Predictions are compared to the data [36], [34], [35].
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Figure 3.2: Total cross section of exclusive production of J/ψ, ρ and ϕ mesons using
GBW parameterization. Predictions are compared to the data [36], [34], [35], [37], [38]
[39].
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3.2 Hot-spot model

Applying the formalism of the Hot-spot model, as described in section 2.3, the
cross sections for the exclusive and dissociative production of a vector mesons are
calculated. This computation is performed using 10000 configurations of the proton
profile function for each value of x. The dipole scattering amplitude is obtained from
the GBW parameterization (2.18) with the parameter values given in Table 2.4. The
parameter σ0 is formulated as σ0 = 4πBp and Bp is fixed at 4.7 GeV−2. In order to
describe the normalization of the photoproduction of the ρ meson, the value of Bp is
set to Bp = 8 GeV−2 [30]. Additionally, the average of the squared transverse radius
of a hot spot is assigned as Bhs = 0.8 GeV−2, and parameter values for the energy
dependent number of hot spots Nhs(x) (2.29) can be found in Table 2.5.

Differential cross section with Hot-spot model

Figure 3.3 displays the differential cross section for the exclusive production of a
vector meson with respect to |t|. The model predictions align well with experimental
data for the ϕ and ρ mesons. However, when comparing the predictions for the J/ψ
meson, it becomes apparent that the predicted curve follows the correct slope mainly
at low |t|.
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Figure 3.3: Differential cross section for exclusive production of J/ψ, ρ and ϕ mesons
using Hot-spot model with GBW parameterization. Predictions are compared to the
data [35], [34], [36].
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Figures 3.4 and 3.5 present the W dependence of the exclusive and dissociative
differential cross sections for J/ψ meson photoproduction and electroproduction at
fixed values of |t|. The model predictions for exclusive production are compared to
experimental data [34]. Overall, the results show a reasonable level of agreement for
exclusive photoproduction, however, for higher values of |t|, the model tends to under-
estimate the data. For electroproduction, the closest agreement with the data occurs
at |t| = 0.19 GeV2. For the dissociative differential cross sections for J/ψ production
at fixed values of |t| no data are available for comparison.
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Figure 3.4: The W dependence of differential cross section at fixed value of |t| for
exclusive (left) and dissociative (right) J/ψ photoproduction.
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Figure 3.5: The W dependence of differential cross section at fixed value of |t| for
exclusive (left) and dissociative (right) J/ψ electroproduction.
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Total cross section with Hot-spot model

Figures 3.6 to 3.9 show the predictions for the total cross section of exclusive and
dissociative production of the ϕ, ρ, J/ψ, and Υ(1S) vector mesons as functions of
W , for several values of Q2. Our predictions are compared with measurements from
various experiments, including H1 [34,36,37,40,41], ZEUS [35,38,39,42], ALICE [45,46],
CMS [44], and LHCb [43]. The model’s predictions for the exclusive cross sections of the
ϕ, ρ, and J/ψ align well with the experimental data. However, due to the uncertainty
in the Υ(1S) exclusive photoproduction measurements, definitive conclusions cannot
be made at this time.

In the case of dissociative production, the model yields satisfactory results for the ϕ
meson at high values of W , at lower values of W , the trend tends to overestimate the
data. For the ρ meson, the model results for Q2 = 3.3 GeV2 and Q2 = 7.5 GeV2 are in
agreement with the data; however, for higher virtualities, the data are overestimated.
Regarding the dissociative production of the J/ψ meson, the predictions align well
with the data when using the boosted Gaussian parameterization. The data for the
dissociative production of the Υ(1S) meson are are currently unavailable.
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Figure 3.6: Comparison of the model predictions for the total cross section of exclusive
(left) and dissociative (right) ϕ production with H1 [36] and ZEUS [35] data.
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Figure 3.7: Comparison of the model predictions for the total cross section of exclusive
(left) and dissociative (right) ρ production with H1 [36], [37] and ZEUS [38] [39] data.
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Figure 3.8: Comparison of the model predictions for the total cross section of exclusive
(left) and dissociative (right) J/ψ production with H1 [34], [40] data.
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Figure 3.9: Comparison of the model predictions for the total cross section of exclusive
(left) Υ(1S) production with H1 [41], ZEUS [42], CMS [44] and LHCb [43] data and
model predictions for the W dependence of the dissociative (right) production cross
section of a Υ(1S) vector meson.
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3.3 Energy dependent Bp and Bhs

Up to this point, we were assuming that Bp and Bhs are fixed parameters, determined
by fitting the HERA data [29, 34, 40]. This straightforward approach describes the
experimental data rather well. In Figures 3.10 and 3.11 we present a comparison of the
total cross section of J/ψ production with the H1 data [34,40] using various choices of
parameters Bp and Bhs. Only the boosted Gaussian wave function parameterization is
used.
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Figure 3.10: Comparison of various options of the Bp parameter for total cross section
of exclusive (left) and dissociative (right) J/ψ photoproduction.
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Figure 3.11: Comparison of various options of the Bhs parameter for total cross section
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Energy dependent slope parameter

In Figures 3.12 and 3.13 we present a comparison between the fixed value of parame-
ter Bp = 4.7 GeV−2 and the energy-dependent Bp(W ), defined as (2.35). The exclusive
photoproduction cross section is compared with the H1 data from HERA [34, 40] and
the ALICE p-Pb data [45,46].

The energy-dependent Bp(W ) follows a logarithmic scaling with respect to W , indi-
cating the growth of the proton size with energy. As a result, the number of hot spots
requires adjustments. When the proton is larger, more hot spots is needed to fill the
phase space. To achieve this, we modify the parameters p0, p1, and p2. Their values are
listed in Table 2.5 scenario B. The change in the number of hot spots, along with the
ratio of the exclusive and dissociative cross section, can be seen in Figure 3.14. Both
approaches provide a good description of the data for exclusive J/ψ photoproduction;
nevertheless, the model with energy-dependent Bp(W ) aligns more closely with the
ALICE data at low W , while the H1 data at low W are better described when Bp is
kept fixed. However, for high values of W , the model with energy-dependent Bp(W )
tends to overestimate the ALICE data. Both approaches provide good descriptions of
the data for dissociative vector meson production.
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Figure 3.12: Comparison of the model predictions for the total cross section of exclusive
J/ψ photoproduction using fixed Bp (black line) and energy-dependent Bp(W ) (blue
line) with H1 [34], [40] and ALICE [45], [46] data.
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Energy dependent hot spot radius

Next, we maintain a fixed value for Bp at Bp = 4.7 GeV−2 and consider Bhs(x) to be
inversely related to the saturation scale, as described by equation (2.36), and discussed
in the previous chapter. As we apply this prescription for hot spot radius, at higher
energies, smaller hot spots will emerge, necessitating a corresponding adjustment in
Nhs, see Table 2.5 scenario C. The parameter k from (2.36) is set to 1/2.

The model with an energy-dependent hot spot radius, Bhs(x), shows good corre-
spondence with the data for the total cross section of both exclusive (Figure 3.15) and
dissociative (Figure 3.16) J/ψ photoproduction.
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Figure 3.15: Comparison of the model predictions for the total cross section of exclusive
J/ψ photoproduction using fixed Bhs (black line) and energy-dependent Bhs(x) (red
line) with H1 [34], [40] and ALICE [45], [46] data.
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210 310
W [GeV]

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5ψ
J/di

ss
σ/

ψ
J/ex

c
σ

-2 = 0.8 GeVhsB

)x (1 + 300-0.58(x) = 0.011 xhsN

-2 GeVλ)
0

 = 0.5*(x/xhsB

)x (1 + 200-0.69(x) = 0.008 xhsN

2 = 0.05 Gev2Q
-2 = 4.7 GeVpB

6−10 5−10 4−10 3−10 2−10
Bjx

0

20

40

60

80

100

120

140

160

(x
)

hs
N

-2 = 0.8 GeVhsB
)x (1 + 300-0.58(x) = 0.011 xhsN

-2 GeVλ)
0

 = 0.5*(x/xhsB
)x (1 + 200-0.69(x) = 0.008 xhsN
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Energy dependent proton and hot spot radius

Our goal is to incorporate the energy dependence of both Bp and Bhs into the
Hot-spot model to provide a more realistic description of the proton structure.

Figures 3.18 and 3.19 show the total cross section for exclusive and dissociative pho-
toproduction of J/ψ meson. The model with energy dependent parameters shows good
agreement with the data for exclusive photoproduction, particularly for low values of
W , around 30 GeV, whereas the model with fixed Bp and Bhs overestimates the data
in this region.

Figure 3.21 displays the W dependence of the exclusive and dissociative differ-
ential cross sections for J/ψ meson photoproduction and electroproduction at fixed
values of |t|. Solid line represents the model with energy dependent Bp(W ) and Bhs(x),
while the dash-dotted line represents the model with fixed Bp and Bhs.

Figure 3.22 illustrates theW dependence of the exclusive and dissociative total cross
sections for ϕ meson for various values of Q2. Similarly, Figure 3.23 presents the the
W dependence for the total cross sections of the ρ meson. Due to the normalisation,
the Bp for ρ meson photoproduction is set to 8 GeV−2 and energy dependent Bp(W )
is given by Bp(W ) = 8 + 4 · 0.164 lnW/90 GeV−2.
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Figure 3.18: Comparison of the model predictions for the total cross section of exclusive
J/ψ photoproduction using fixed Bp and Bhs (black line) and energy dependent Bp(W )
and Bhs(x) (green line) with H1 [34], [40] and ALICE [45], [46] data. Values of Nhs(x)
parameters are: p0 = 0.0085, p1 = −0.67 and p2 = 200.
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Figure 3.20: Ratio of the exclusive and dissociative cross section (left). Number of hot
spots Nhs(x) as a function of x for energy dependent and energy independent Bp and
Bhs (right).
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Figure 3.21: The W dependence of differential cross section at fixed values of |t| for
exclusive J/ψ photoproduction (upper plot) and electroduction (lower plot).
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Figure 3.22: Comparison of the model predictions for the total cross section of exclusive
(left) and dissociative (right) ϕ production using fixed Bp and Bhs (dash-dotted line)
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Figure 3.23: Comparison of the model predictions for the total cross section of exclusive
(left) and dissociative (right) ρ production using fixed Bp and Bhs (dash-dotted line)
and energy dependent Bp(W ) and Bhs(x) (solid line) with H1 [36], [37] and ZEUS [38]
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90
GeV−2, while

for photoproduction is Bp = 8+ 4 · 0.164 ln W
90

GeV−2 due to the normalisation. Values
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Conclusion

In this work, we explored the world of high-energy collisions to understand the
proton’s structure and the dynamics of vector meson production. Understanding the
γ∗p→ VMp process requires careful examination of the individual components of the
scattering amplitude Aγ∗p→VMp

T,L and the models used to describe them. The photon
wave function can be obtained from Quantum Electrodynamics, as its properties are
well understood. On the other hand, the vector meson wave function necessitates mod-
eling to calculate its overlap with the virtual photon wave function. In our research, we
utilized the Gaus-LC and boosted Gaussian model for this purpose. Another nontrivial
component is the dipole-proton cross section. In this work, we employed a factorized
form for the dipole amplitude, withN(x, r) representing the b−independent dipole scat-
tering amplitude based on the Golec-Biernat and Wusthoff model. The b−dependence
of the dipole-proton cross section was then introduced by the the proton profile func-
tion function Tp(b). Our focus was divided between two main approaches: the Gaussian
distribution to describe the transverse profile, and the Hot-spot model, which considers
the proton’s structure as fluctuating hot spots, the number of which grows with decreas-
ing x. The GBW parameterization in combination with Gaussian distribution provided
good results when compared to the exclusive production data, which demonstrates the
effectiveness of this simple and straightforward approach.

With the Hot-spot model, we studied four different scenarios based on the energy de-
pendence of the size of the proton and sizes of hot spots. Having fixed Bp = 4.7 GeV−2

and Bhs = 0.8 GeV−2, exept for the photoproduction of ρ meson, where Bp = 8 GeV−2,
the Hot-spot model shows generally good agreement with the data. However, for the
differential cross section of exclusive J/ψ production, the predicted curve follow the
correct slope mainly at low |t|. The comparison of the model predictions with the mea-
sured W dependence of the exclusive differential J/ψ photoproduction shows a good
agreement at low values of |t|, however, at higher |t|, the model tents to underestimate
the data. For the total cross section of the exclusive and dissociative production of ϕ,
ρ and J/ψ the predictions are mostly consistent with the data. Also, the exclusive and
dissociative cross section of the Υ(1S) meson was calculated, nevertheless due to the
large uncertainties, no definitive conclusions can be drawn.

We further modified the Hot-spot model by introducing energy dependence in differ-
ent components, seeking a more accurate representation of proton behavior at different
energy levels. We explored the effects of introducing energy dependence in the proton
size by parameterizing the proton’s width as a function of W . The radius of the proton
has a logarithmic growth with energy based on measurements from HERA [34]. We also
considered the width of the hot spots to be inversly related to the saturation scale Q2

s.
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With increasing saturation scale, one should see partonic substructure more deatailed,
as a consequence of the DGLAP evolution. We incorporated this phenomenon into our
model, since this prescription implies a shrinking size of hot spots as the saturation scale
increases. Additionally, we made both Bp and Bhs energy dependent. In all of these
scenarios, there is a correlation between energy dependent parameter and the number
of hot spots. We have shown that these approaches provide similarly good agreement
with the data for the total cross section of exclusive and dissociative J/ψ production.
These models generally demonstrate a steeper evolution of the total cross section of
exclusive J/ψ, ϕ and ρ production compared to models with fixed Bp and Bhs.
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