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e Dimension(s)
e Diffusion over fractal sets

e Alternative numerical approach
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Fractal Dimension

e Sierpinski Gasket
e double the distance, triple the mass

o df = Iog3/|og2

Mass Scaling

M ~ L%

e Similarity dimension

e Hausdorff dimension
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Diffusion on Fractals

Fractal Dimension

Observables

M ~ L%

Walk Dimension e Return Probability
Pr(X: = x) ~ t~%/?

Spectral Dimension e Absolute Moments

dr

“=24, E J1X; — xollg ~ £/
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Porous Media Diffusion

https://en.wikipedia.org/wiki/Porous_medium
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https://en.wikipedia.org/wiki/Porous_medium
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Random Walk on Graph

G=(F¢&), Fcz’, Tcz®
pe€(0,1), c(x)=cardN(x), N(x)=(xdT)NF

p, y € N(x)
Pr(Xt+1:y|Xt:x): 1—c(x)p, y=x
0, otherwise

x,y e F
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Monte Carlo Simulations: Return Probability Model

x1073

5k : : —

Model Residuals
X
S

Ak ".".. ]
. . n = 1000000

10! 102 103

Time Steps
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Full Space Numerical Approach

o P,: 7% [0,1] Full Grid Probability Evolution
e P.(x)=Pr(X: = x|Xo = x0)
e Po(x) =1(x = xp)

Pt+1 — N * Pt

0 p 0 p p 0
g quuare — pP 1-— 4P 1% L4 Nhexa — pP 1-— 6P pP
0 p 0 0 p p

9/20



log 3/ log 2

ds

2
)
o
o
=
o
[}
[72]
C
(a0
2
S
&
b
v
>
o
—
2
€
o
T
=
C
(24

10/20



Constrained Convolution Schema

e« P.,F.C:Z¢ R
e P(x)=Pr(X; = x|Xo = x0)
(

Sparse Grid Probability Evolution

o Po(x) =1(x = x0)
¢ Fx)=I(x€7) Pess = Pe(1—pC)+ pF(N*P))
e N(x)=I(xeT)
e C=F(N=xF)
010 110
L4 quuare: 1 01 L Nhexa: 1 01
010 011
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Constrained Convolution Schema

e Markov Chain transition probabilities

pe+1(x Z p:(y) p(y — x) (1)
yeF
=pe(x)p(x = x)+ > pely)ply = x) (2)
YEF y#x
= pi(x) (1= pe(x) + > pi(y) pI(y € N()) (3)
yeF
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Constrained Convolution Schema

Per(x) = (Pt (1- pc))(x) +p % Pe(y)I(y € N(x)) I(x € F) (4)
_ <Pt (1- pc))(x) +p é:dpt(y) |(y e(xaT) mf) F(x) (5)
:<Pt(1—pC> +p; %P ( x&BT))I(yE]—') (6)
= (Pe(1-p0))(x) + pF(x) yg P(y)1((x— y) € T)F(y) (7)
= (P (1-pQ)) () + pF(x)ygd P(y)N(x—y) ®)
_ (Pt (1—pc))( )+pF(x)(yPt*N)(x) (9)
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Time Evolution (Sub)Steps: Square Topology

pF (Po*N) P4 P2
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Time Evolution (Sub)Steps: Hexagonal Topology

pF (Po*N) P4 P2
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MATLAB Implementation

15

18
19
20

% parameters
time_steps = le2;
p =0.1;

% load set model

data = load("data_SierpGasket.mat");
F = data.F;

start_idx = data.start_idx;

% neighbourhood

N = [1, 1, 0;

1, 0, 1;
0, 1, 1;]1;
% precalculated arrays
C = conv2(F, N, "same") .* F;
s=1-p .%cC;
pF = p .* F;

% initial probability
P = zeros(size(F));
P(start_idx) = 1;

% checks
assert (sum (P, "all") == 1)
assert(sum(P .* F, "all") == 1)

% resulting return probabilities
ret_probabs = nan(time_steps, 1);
% GPU support
gpuType = @(a) gpuArray(double(a));
if canUseGPU()
P = gpuType(P);
pF = gpuType (pF);
N = gpuType(N);
S = gpuType(S);
ret_probabs = gpuType(ret_probabs);

for t = l:time_steps
P =P S + pF .* conv2(P, N,
ret_probabs(t) = P(start_idx);

"same");

end
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Return

Return probab.

Log Residuals

Probability
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e Dimension(s)
e Random walks

e Constained convolution schema

Thank you for your attention!
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