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Petr Červenka1

1Department of Physics, Faculty of Nuclear Sciences and Physical Engineering, Czech
Technical University in Prague

cervep12@cvut.cz

Abstract

Two non-interacting graphene sheets are deformed in a localized region where they
form AA bilayer graphene. This theoretical model is called the AA bilayer coupler.
We show that the Hamiltonian of this system can be elegantly block-diagonalized.
On the coupler, the scattering properties of Dirac fermions in two dimensions are
analyzed through a partial wave decomposition. The differential and partial cross
sections reveal some interesting phenomena, such as pouring particles from one layer
to the other, filtering Dirac fermions with a given value of angular momentum, or the
formation of quasi-bound states.
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Introduction

Rapid scientific progress in the field of 2D materials demands a theoretical description of
their physical properties. Graphene is a two-dimensional material [1] which further belongs
to the family of Dirac materials [2]. These materials have at least one common property.
A great part of the underlying physics behind these materials is governed by the Dirac
equation. Low-energy quasiparticles in graphene behave like massless relativistic fermions
as they are described by the 2D Dirac equation. Graphene is thus a perfect playground
for simulating relativistic quantum physics on the table-top experiments.

There exist multilayered derivatives of graphene. Especially, bilayer graphene enjoys
a great deal of research interest because of its many interesting properties. Famous ones
are superconducting twisted bilayer [3], anomalous quantum Hall effect [4] or energy gap
which can be tuned by an external electric field [5]. In addition to pseudospin and valley
polarization coming from graphene, the bilayer brings the layer degree of freedom to the
game.

For better understanding of physical phenomena in graphene or bilayer graphene, it is
necessary to deal with the 2D Dirac equation. Solvable models in this area usually rely
on translational or rotational symmetry so that the evolution equation can be reduced to
one dimension [6].

Electron transport sometimes requires transfer from one channel to another. Devices
that suit this task are called couplers. We show that two non-interacting parallel graphene
sheets can work as a coupler if they turn intoAA bilayer in a restricted area. We denote this
device as AA bilayer coupler. It is worth mentioning that the experimental implementation
of a related AB bilayer coupler was already done in [7].



1 Model of AA bilayer coupler

The Hamiltonian that describes the physical model of a coupler is

H =

(
H0 tθ(R− r)

tθ(R− r) H0

)
,

H0 = −i
[
σr∂r +

1

r
σφ∂φ

]
, σr =

(
0 e−iφ

eiφ 0

)
, σφ = i

(
0 −e−iφ

eiφ 0

)
.

(1)

Where we have introduced a constant hopping parameter t ∈ R and a radius R > 0 of the
AA bilayer graphene region. The ordering of the wavefunction is Ψ = (ψA1, ψB1, ψA2, ψB2)
(sublattice A,B; layer 1, 2). We would like to analyze the scattering of Dirac particles on
a coupler. The first step is to solve the eigenvalue equation of H. A great simplification
of this task is achieved by the following unitary transformation U = ei

π
4
σ2 ⊗ I

UHU † =

(
H0 + tθ(R− r) 0

0 H0 − tθ(R− r)

)
. (2)

The eigenvalue equation UHU †UΨ = EUΨ, UΨ(r, φ) = (ψ(r, φ), χ(r, φ))T takes the form(
H0 + tθ(R− r) 0

0 H0 − tθ(R− r)

)(
ψ
χ

)
= E

(
ψ
χ

)
⇐⇒

H0ψ = [E − tθ(R− r)]ψ

H0χ = [E + tθ(R− r)]χ.
(3)

On the right-hand side, there are two 2D Dirac equations where the energy is shifted
by a constant t at r < R. We focus on the equation for ψ(r, φ) and make the ansatz
ψ(r, φ) = eimφ(ψA(r), ie

iφψB(r))
1. By the action of H0 given by (1) on this ansatz, we

separate the variables r and φ and get the coupled equations in variable r only(
∂r +

m+ 1

r

)
ψB(r) =

[
E − tθ(R− r)

]
ψA(r)(

−∂r +
m

r

)
ψA(r) =

[
E − tθ(R− r)

]
ψB(r).

(4)

Decoupling the equations provides us the Bessel equation for ψA(r) component

ψ′′
A +

1

r
ψ′
A +

[
(E − tθ(R− r))2 − m2

r2

]
ψA = 0. (5)

The solution is known in Bessel (Jm, Ym) or Hankel (H
(1)
m , H

(2)
m ) functions. Before that, it is

necessary to distinguish the domains r > R and r < R due to the discontinuity of the step

1m ∈ Z is the quantum number related to the total angular momentum J3ψ = (−i∂φ + 1/2σ3)ψ =
(m+ 1/2)ψ.



function θ. In summary, the wavefunction is sum over all m’s (C
(m)
1 , C

(m)
2 , S

(m)
1 , S

(m)
2 ∈ C)

ψ(r, φ) =



+∞∑
m=−∞

eimφ

C(m)
1

 Jm(k−r)

iξ−e
iφJm+1(k−r)

+ C
(m)
2

 Ym(k−r)

iξ−e
iφYm+1(k−r)


 , r < R

+∞∑
m=−∞

eimφ

S(m)
1

 H
(1)
m (kr)

iξeiφH
(1)
m+1(kr)

+ S
(m)
2

 H
(2)
m (kr)

iξeiφH
(2)
m+1(kr)


 , r ≥ R,

(6)
where we have defined k = |E|, k± = |E ± t|, ξ = sgn (E) , ξ± = sgn (E ± t). The compo-
nent ψB(r) is calculated from the second line of (4) where we have used the recurrence
(−∂r +m/r)Jm(kr) = kJm+1(kr). We proceed analogously for χ. The wavefunction Ψ is
recovered from Ψ = U †(ψ, χ). The regularity of Ψ in r = 0 forces us to discard the Bessel
function Ym due to its divergence Ym(0) = ±∞. The explicit eigenfunctions of the coupler
Hamiltonian, which will be further used in the text, can be written as (α = ±1)

Ψ =



+∞∑
m=−∞

imeimφ

C(m)
1


Jm(k−r)

iξ−eiφJm+1(k−r)

Jm(k−r)

iξ−eiφJm+1(k−r)

+ C
(m)
2


−Jm(k+r)

−iξ+eiφJm+1(k+r)

Jm(k+r)

iξ+eiφJm+1(k+r)


 , r < R

+∞∑
m=−∞

imeimφ




Jm(kr)

iξeiφJm+1(kr)

0

0

+ S
(m)
1


H

( 3−α
2

)
m (kr)

iξeiφH
( 3−α

2
)

m+1 (kr)

0

0

+ S
(m)
2


0

0

H
( 3−α

2
)

m (kr)

iξeiφH
( 3−α

2
)

m+1 (kr)



 , r ≥ R.

(7)

The scattering setup consists of an incoming plane wave Ψin which hits the AA bilayer
region. After that, it is scattered in the form of a circular wave Ψsc. For the investigation
of the coupling properties, we assume an incoming wave localized on the layer 1. The
scattering states have to satisfy the asymptotical behavior for large r (α = ±1)

Ψin +Ψsc ∼
1√
2


1
1
0
0

 eiξkx +
1√
2


f
(A1)
E (φ)

f
(B1)
E (φ)

f
(A2)
E (φ)

f
(B2)
E (φ)

 eiαkr√
r
. (8)

We have already chosen the part r ≥ R of the wavefunction Ψ given by (7) such that it
satisfies the asymptotics (8). This can be proven if we realize eikx =

∑
m i

meimφJm(kr) and

the asymptotical behavior of Hankel functions H
( 3−α

2
)

m (kr)
r≫1∼

√
2

rkπ e
−iα(mπ/2+π/4)eiαkr

[8]. Whether we take α = 1 or α = −1 depends on the sign of the radial probability

current Ψ†
scσrΨsc. The scattered particles should propagate from the scattering region

(not to) so the requirement Ψ†
scσrΨsc > 0 fully specifies α.

The scattering amplitudes f
(A1)
E , . . . , f

(B2)
E in (8) encode the angle dependence of the

scattered wave, i.e. there could exist directions φ in which scattering takes place more

prominently. However, the scattering amplitudes have yet unknown constants C
(m)
1,2 , S

(m)
1,2 .

Those constants are uniquely determined by the requirement of continuity of Ψ in r = R,
that is ∀φ ∈ [0, 2π) : limr→R+ Ψ(r, φ) = limr→R− Ψ(r, φ). The scattering amplitudes are



connected to experimentally measurable differential cross section dσ(1,2)/dφ for layer 1
and 2

dσ(1)

dφ
= Re

(
f
(A1)
E f

(B1)
E eiφ

)
,

dσ(2)

dφ
= Re

(
f
(A2)
E f

(B2)
E eiφ

)
. (9)

The differential cross section is proportional to the probability that the Dirac fermions are
scattered at the angle φ. Integrating over all angles gives us total cross section

σ(1,2)(E) =

∫ 2π

0

dσ(1,2)

dφ
dφ =

+∞∑
m=−∞

σ(1,2)m (E). (10)

The elements σ
(1,2)
m are called partial cross sections. They describe the scattering of parti-

cles with fixed angular momentum quantum number m. It corresponds to the scattering
situation when we take the incoming wave as eimφ(Jm(kr), iξeiφJm+1(kr), 0, 0)

T instead
of eiξkx(1, 1, 0, 0)T .

2 Results and Discussion

The partial cross sections are shown in Fig. 1. As σ
(2)
m ̸= 0, the incoming Dirac fermions

from layer 1 can be transferred to layer 2. The values of σ
(2)
m and σ

(1)
m do not differ much,
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Figure 1: (Color online) The partial cross sections σ
(1,2)
m (E) given by (10) plotted as a

function of the incoming wave energy E. The radius R and hopping parameter t are below
each figure.



so the transfer should not be highly inefficient. Both σ
(1)
m and σ

(2)
m exhibit peaks that

point to the resonances of states with given m (quasi-bound states) inside the AA bilayer
region. States with the energy of the peaks are trapped for a finite time in the AA bilayer
region. Narrower peaks mean longer trapping time. Deeper analysis of the trapping time
can be found in [9].

The peaks become narrower if we increase R (and thus the area) of AA bilayer or if
we increase the strength of the coupling t. These increases cause a higher possibility of
particle interaction with the scattering region. We can further observe that there exist
energies for which, except for one specific m, all partial cross sections vanish. For example,
it is state m = 0 and E ≈ 0.5 in Fig. 1b or m = 1 and E ≈ 0.02 in Fig. 1d. The scattering
of states with a quantum number m on layer 2 does not take place if the corresponding

σ
(2)
m vanishes. Based on this observation, we can construct a filter that passes states with

one selected m to layer 2.
From the differential cross sections in Fig. 2, it is evident that the scattering is strongly

anisotropic. The absence of backscattering at the angle φ = π can be useful because no
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Figure 2: (Color online) The differential cross sections dσ(1,2)/dφ given by (9) plotted as
polar graphs in variable φ.

particles return to the source that emits incoming Dirac fermions (in the form of plane
waves). Let us summarize the most significant results obtained from the analysis of partial
and differential cross sections:

1. The coupler can transfer incoming particles from layer 1 to layer 2.



2. There is no phenomenon in which the scattering on one layer somehow substantially
outweighs the scattering on the other layer. If it did happen, it would be ineffective
to transfer Dirac fermions between layers.

3. We are able to fully filter out the m = 0 state from an incoming plane wave on layer
2 (see Fig. 1b). Higher values of R and t allow us to separate states with higher m
(state m = 1 in Fig. 1d).

4. Dirac fermions go mostly through the AA region in the direction φ = 0 (see Fig. 2).
The absence of backscattering is also clearly visible there.

5. The peaks in the partial cross sections point to the formation of quasi-bound states
in the coupling AA region.

6. The scattering pattern of low-energy fermions in layer 2 is robust to the change of
R, t. This observation is based on the layer 2 blue line (E = 0.1) in Fig. 2 where
the blue line retains the shape of the cardioid.

3 Conclusions

Our aim was to qualitatively analyze the scattering of Dirac particles on a solvable model
called the AA bilayer coupler. The 2D scattering method is quite general and can also be
used for AB or more exotic graphene bilayers. The 2D Dirac equation is not even limited
to the physics of graphene but is valid for all 2D Dirac materials such as transition metal
dichalcogenides2. To the originally intended proof of particle transfer between layers, we
have discovered additional possibilities for the use of the coupler. In the future, we would
like to study these in more complex physical conditions, e.g. in the presence of electric or
magnetic fields.
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