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@ Multiplicity fluctuations within a Hadron Gas Model (HRG) without
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Statistical moments

o m-th statistical moment (X)) : @m(X) = E(X™)

@ m-th central moment p,,(X) : pm(X) = E(X — EX)™

o first four central moments are of great significance

e mean: M = ¢y, variance: 02 = ¢

o skewness: S = @3/@3/2 - measure of the assymetry of the probability
distribution

o kurtosis: x = 4/p3 - measure of the "tailedness” of the probability
distribution
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Calculation of the multiplicity fluctuations within the

statistical model

@ grandcanonical and canonical ensemble assumed, event-by-event
distributions of conserved quantities - characterized by the moments
(M, o, S, k)

@ introduction of the following products: So = ¢3/v2,

Ko%= @42, M/0? = 1 /02, So3/M = ©3/p1 -the volume term in
the distribution gets obviously cancelled; direct comparison of
experimental measurement and theoretical calculation possible

@ large volume limit (V— o0) - all statistical ensembles (MCE, CE,
GCE) equivalent
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Partition functions in statistical ensembles - GC formalism

@ HRG model - all relevant degrees of freedom contained in the
partition function

@ confined, strongly interacting matter - interactions that result in
resonance formation included

o GC partition function: Zgc();) = []; exp [ ;Zo_ol zj(n’))\] where

zj(n;) = (F1)W Tt 2% ” Tm2K (%2) is the single particle partition
function

@ K5...modified Bessel function, V... volume of the hadron gas

° )\ = exp(#) ... fugacity for each particle species j, m;...hadron
mass

@ ... chemical potential of a particle species j, gi = 2J; +1... spin
degeneracy

@ F... upper sign for fermions, lower sign for bosons
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Partition functions in statistical ensembles - canonical

formalism

@ constraint - fixed charges — partition function not factorized into
one-species expressions

o let Q= (Qu, @, Q) =(B,S,Q)--vector of charges

o let gj = (g1, 92,,93,) = (b}, s}, qj) - - - vector of charges of the
hadron species j

o Wick-rotated fugacities: \; = exp[i ) _; g j®i]
@ Canonical partition function:
3 2 _i0d:
Z5= [Hizl 3= o doie 'Q'd)’] Zec (X))

@ h...set of hadron species: \; — ApA;
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Results of the first four moments

PR B _ i~ Zo-na
(Nh) = Z= 3, =1 = 2 jen anzl Zj(”j)zi(3

Z5 .-
(Ni) = za [ax,, (Ah axh)} =1 = 2 jen 223201 ”ij(”j)% +

Zs oo
Q_ g —
Zjeh ;Zozol zi(n) X ken Z;rko:ol Zk(nk)%

Q—n;qj
(N;) = z~ [a,\ ()‘haxh ()‘h a,\h>>} =1 = 2jen Zn =1 JZJ(”j) éjq’ +
Z5
3 |:Z_jeh Zn =1 ng.I(nJ)Zkeh an 1Zk(nk)zqﬂqu} +

G —ny i — i
ZJEhZ”_lzJ(HJ)ZkGthk 1Zk(”k)2/ehzn, Z/("/)W
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Asymptotic fluctuations in the canonical ensemble

Poissonian distribution of fluctuations: Pgc = % <Nj)Nf e (M)
Canonical partition function:

Zg= ([T & J57 dose %] Zac(x)

integration performed in the complex w plane: w; = expli¢;]
za —

B-1 —5 1 1 i
(27”)3 ¢ dwp § dws ¢ dwowg® wg QQ expy; Zj(l)WB wg w

obviously: wg (55(‘) =) = exp[—(B Q,S)Inwg qs]

_, bj—1 si—1 gqj— B.S
g(w) =wg Wi Wi ppso = Z5°

f(w) = —pglnwg — psinws — polnwg + >, =/
Z5 4= iy § dws § dws § dwog(w) exp[ VF (w)]
method: saddle-point expansion

Zk(1) bk 9k
wg' wg* wQ
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Multiplicity fluctuations for a simple model |.

classical pion gas - no b or s quarks — Q= (0,0,Q)

o

@ saddle point: wp = Ag

@ only 7 and 7~ considered
o

v=V,gw)=1/w, f(w)= —pQ|nW+ZVW(W+%)

e Zg = 2%: ¢ quWq_Q_l exp [Zj:ﬂ zﬂ(l)ng}
[ Sﬂ_+ e Sﬂ_, = 0' m7’r+ = mﬂ_— = 13957 MeV
® 1) = (2 + Vgrys [ d*pexp(—y/p? + mf) =

ary [ d*pexp(—/p? + m?)
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Multiplicity fluctuations for a simple model Il.

r _ Zoc 1 1,1 (2x) _ alre) _ 1 -2
20 = A\ 2nf"(Aq) [Ao TV < AQ 23 Ag,f”(AQ)> +0o(V )]

Zcc 1 1
a(rAg) 1 1
— sl =4 — )57
AQ 2 / )\%f (o)

25 =

I+ 0(V=2)

+ (g —1)

@ thermodynamical limit V — oo :

™

o (1%) = zx 85 = 2N + O(V ) = (n¥) e + O(V )
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Fluctuations in a hadron resonance gas model with

chemical equilibrium

Susceptibilities and cumulants:
o ) — 2(P/T)

X/ = /T
° X1 = -r3< >c: VT3 (Ni)
° x2 = 5 ((BN)?), = = ((AN:)?)
o x§ =#<(AN)3> = vz ((AN)?)
() _ 1

o X = P ((AM)*), = vl (((AM)*) =3 ((aN))7)
Equilibrium pressure:

) P/T4_ %ZanM/B(V TH““B?IU’QMU“S)
o InZMB - ¢ gfs3fd3kln F ziexp(—¢;/T))
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Inclusion of resonances

VT3aEP//TT))‘T = (Nu) + > (NR) (nn)g (1)
R

where (Np) and (Ng) are the means of the primordial numbers of hadrons

and resonances, respectively. The sum runs over all the resonances in the
model.

@ 26 particle speC|es we consider stable: 7%, 71, 7, KT, K=, K°, Ko,
and p,d,\%,67,0% 67,20, =7, Q" and thelr respectlve antl—baryons

o (Nnpp=>_, bRnhr
o bF - the branching ratio of the decay-channel and n,':‘tr =0,1,... -
number of hadrons h formed in that specific decay-channel.
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Fluctuations in a hadron resonance gas model with

chemical non-equilibrium

e Chemical equilibrium: p; = Biug + Sjus + Qipg,
e Chemical non-equilibrium: ;; =" _ d? 1,

@ d7 - mean number of stable particles emerging in the decay of the

level i

@ assumption: chemical potential of the mother equal to the sum of the
chemical potentials of the daughters

@ only configurations for wich the number of particles and antiparticles
is the same (e.g. iy = pjy.) considered

@ SU(3) limit of lattice QCD taken into account - the chemical
potentials of the stable mesons take a common value p,, whereas
the stable baryons take a value of uy

@ the equation of state involves only two independent chemical
potentials and reads P = P(T, i, iin)-
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Conclusion and outlook

So far, the following has been introduced:
@ ways to calculate multiplicity fluctuations within the statistical model
@ ways to calculate multiplicity fluctuations for a classical pion gas
@ multiplicity fluctuations in a hadron resonance gas model, where a

particle production from resonance decays and a thermal equilibrium
is assumed

@ multiplicity fluctuations in a hadron resonance gas model, where a
particle production from resonance decays and a thermal
non-equilibrium is taken into account. The SU(3) limit of lattice QCD
was taken into account.

Further research:
@ Generalize the results obtained in the chapter concerning chemical
non-equilibrium, where the SU(3) limit will not be taken into account

and provide similar results as in the case of chemical equilibrium (see
Figures above).
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Backup - Saddle-point expansion |.

o f(w)=—pglnwg —psinws —pglnwg + >, =, 2k ngws w
@ saddle point: wp = (Ag, As, A\Q); agsvv:)Wo =0

complex d-dimensional integral:

I(v) = [H I dwk] g()e )

[k ...paths of integration

v large - dominant contribution to the integral comes from the small
part of the path in the neighbourhood of the saddle point v

Taylor expansion: f(w) ~ f(wp) + %Z ﬂhﬁo

ik Ow;wy
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Backup - Saddle-point expansion II.

@ choice of a real integration variable t,: wy — wox = etk
Ok - . . phase

@ "deformation” of the original path into a line in the complex plane

@ only a small segment around the saddle point v{ contributes to the
total integral value:

d  ioo . o
0= [ o atwine- 7

where H ... Hessian matrix of f(w)
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Backup - Saddle-point expansion IlI.

@ expansion of g(w) into a Taylor series around w = wj
o H diagonalizable — 3A : H’ = AHAT

o final solution:

1

I(v) ~ exp(vf(wp)) (27v)9detH [g(wo)+
d
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