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In this work, we study the effects of the three-nucleon
NNN interactions in the mean-field model of nuclei and
hypernuclei. The mean field is constructed self-consistently
using the Hartree-Fock method. The Hartree-Fock method
is derived in the proton-neutron-A formalism for the Hamil-
tonian which includes the three-body NNN and ANN po-
tentials. In the computer code the realistic NN and NNN
interactions NNLOs,; are implemented, as well as the chiral
LO AN potential with cut-off A = 550 MeV. The computer
code runs in the static or in the dynamic mode. The code
in the static mode solves the Hartree-Fock equations for the
nuclear core without the AN interactions. The static mode
is used for calculations of the nuclear density distributions,
the charge radii, and the Hartree-Fock energies of the *°Ca
and the 0. The NNN interactions have significant effect
on the nuclear density distributions which are in a good
agreement with the RMF model. The charge radii are also
influenced by the NNN force and are enhanced closer to
their respective experimental values. The neutron single-
particle energies in the °Ca and the 'O are studied as well.
The NN N force considerably shrinks the gaps between the
major shells and the gaps between the single-particle levels
in the given major shell. The dynamic mode is used for
study of the A single-particle spectra of the 4'Ca and the
170. We observe that the NN N force shrinks the gaps be-
tween the major shells and we obtain the opposite ordering
of the p- levels in the }7O.

NNN interactions, Hartree-Fock method, A hypernuclei,

mean-field model



Ndzev prace:

Autor:

Katedra:
Obor studia:

Druh prace:
Skolitel:

Abstrakt:

Klicova slova:

Tricasticové sily v modelu stiedniho pole

jader a hyperjader
Jan Pokorny

Katedra Fyziky FJFI CVUT v Praze
Experimentélni jaderna a ¢asticova fyzika

Vyzkumny kol
Mgr. Petr Vesely, Ph.D.

V této praci se vénujeme studiu efektu trinukleonovych
NNN interakci v modelu stfedniho pole jader a hyper-
jader. Stfedni pole je konstruovano self-konzistentné po-
moci Hartree-Fockovy metody. Hartree-Fockova metoda
je odvozena v proton-neutron-A formalismu pro Hamil-
tonian obsahujici tricasticové NNN a ANN potenacidly.
V pocitacovém kédu jsou implementovany realistické NN
a NNN interakce NNLOy,; a chirdlni LO AN potencidl
s cut-offem A = 550 MeV. Pocitacovy kod bézi ve stat-
ickém nebo dynamickém mddu. Kod ve statickém modu
fesi Hartree-Fockovy rovnice pro jaderny core bez AN in-
terakei. Staticky mod byl pouzit pro vypocty rozlozeni
jadernych hustot, nabojovych poloméru a Hartree-Fock
energii °Ca a 0. NNN interakce maji silny efekt na
rozlozeni jadernych hustot, které jsou v dobré shodé s
RMF modelem. N&abojové poloméry jsou také ovlivnény
NNN silou a blizi se vice ke svym experimentalnim hod-
notam. Neutronové jednoéasticové energie “°Ca a 190 byly
také studovany. NN N sila znatelné zmensuje vzdalenosti
mezi jednotlivymi slupkami a také vzdalenosti mezi hlad-
inami v dané slupce. Dynamicky moéd byl pouzit pro
studium jednocdsticovych A spekter v 3!Ca a }O. Pozoru-
jeme, ze NN N sila zmensuje vzdalenosti mezi slupkami a

dostédvame opacné fazeni hladin v p- slupce v }7O.
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Chapter 1
Introduction

Theoretical description of hypernuclear structure remains a challenging task even
after decades of research. The baryon potentials are described within the Chiral
Perturbation Theory (ChPT), an effective field theory with a consistent hierarchy
of the two-body, the three-body, and the many-body forces. In the ChPT, the three-
body interactions are generated starting from the next-to-next-to leading order of
perturbation. It has been shown that the three-body NNN forces have a great
influence on the nuclear ground-state energies and the charge radii [1J.

Hypernuclear systems with baryon number A 2> 10 are traditionally described
by the relativistic mean-field models [2] 3] or the non-relativistic mean-field mod-
els which are based on the phenomenological NN potentials [4, [5, 6]. Recently,
the mean-field model based on the realistic NN interactions has been introduced.
Within this model, the mean field is constructed from the two-body NN potential
with the corrective density-dependent (DD) term [7, §]. The DD term simulates
the effect of the NN N interactions and it has been found important to obtain cor-
rect radial density distributions, RMS radii, and proton and neutron single-particle
spectra [8, [9].

The mean-field model has been extended for the study of the hypernuclei with
one bound A hyperon [I0]. In our recent work [11], the interaction between the A
hyperon and the nuclear medium has been described by the Nijmegen Y N potential
ESCO08 [12]. Main drawback of this AN potential is its strong dependence on the
Fermi momentum parameter kp. The parameter kp is evaluated self-consistely dur-
ing each calculation by the Thomas-Fermi approximation. Moreover, the spin-orbit
part of the ESCO8 AN potential is not implemented directly. Instead, the Scheer-
baum approximation [13] is used.

In this work, the realistic NNLOg,y NN + NNN potential [I4] is implemented

into the mean-field model instead of the two-body realistic NN potential corrected



by the phenomenological DD term. The NNLO,; potential includes both the two-
body NN and the three-body NN N interactions. Instead of the Nijmegen ESCO08
AN potential, we use the chiral LO AN potential with the cut-off A = 550 MeV [15]
to describe the interaction of the A hyperon with the nucleons in the nuclear core.

The aim of this work is to derive the Hartree-Fock method with the three-body
NNN and ANN interactions and to document the effect of the NN N force on the
description of the nuclei *°Ca and '°0O and the hypernuclei {!Ca and }O.

This work is organized as follows: In Chapter [2 the derivation of the Hartree-
Fock method in the proton-neutron-A formalism with the three-body forces is shown.
Chapter [3| presents numerical implementation of the Hartree-Fock method, as well
as the Hartree-Fock equations of hypernuclei. The results of the numerical calcula-
tions are presented and discussed in Chapter[d The conclusions of this work, as well
as future plans are given in Chapter 5] The Hartree-Fock method in the J-scheme

formalism is summarized in Appendix [A]



Chapter 2

Hypernuclear mean-field model

with three-body interactions

We describe single-A hypernucleus as a many-body system consisting of the nuclear
core and one A hyperon. Properties of the hypernucleus are determined by the

Hamiltonian

H="Ty+Ty+ VN L YNNN L AN L ANN _ T (2.1)
Here, T\N and T\A denote the kinetic operators of nucleons and the A particle, respec-
tively. The terms VNN and VAN stand for sums over the two-body NN and AN
potentials. Sums over the three-body interactions are included in the terms VNNN

and VANN The term T\c u denotes the center-of-mass kinetic operator
~ 1 A ~2 ~ o~
Teyy=———- P +2 P, - Py, 2.2
M oM(A+0.19) (; H2) b) (22)

where M =~ 938 MeV is the mass of a nucleon, A is the baryon number, and Jga is
the momentum operator of the a-th particle. Here we use the fact that mass of the
A hyperon is approximately My ~ 1.19M.

The hypernuclear mean field is constructed self-consistently by the Hartree-Fock
(HF) method. In Section [2.1, we derive the HF method for a system of identical
fermions with the two-body interactions in the formalism of the second quantization.
In Section [2.2] we show the HF method for the single-A hypernuclei including the
three-body NN N and the ANN interactions in the proton-neutron-A formalism.

10



2.1 Derivation of Hartree-Fock method in the for-

malism of second quantization

In this section, we show the derivation of the Hartree-Fock equation in the formalism
of second quantization, i.e. in terms of creation (annihilation) operators a'(a).

Let us consider a system of A identical fermions interacting through the two-body
potential ‘7(F1,F2). The Hamiltonian of this system in the second quantization is

given by

~ 1
H = Ztija;raj + Z_l Z ‘/ijkla;‘ra;r'alak; (2-3)
ij ijkl

where a!|0) = |i) creates the single-particle state |i) and a;]i) = |0) annihilates the
single-particle state [i). The ket |0) denotes the particle vacuum. In the equation
(2.3), the matrix elements of the kinetic operator read t;; = (i|T|5) and the matrix

elements of the potential operator are antisymmetrized
Vi = (iIV (7, ) (k) — G|V (7, ) [1k) = (iIV (7 7o) kL= 1), (24)

The antisymmetrized ground-state wave function of the studied system is a Slater

determinant

o) = [[allo). (25

The product in Eq. (22.5]) runs over the lowest single-particle states. Throughout our

work, we express all physical states in the basis of spherical harmonic oscillator. The
T

creation and annihilation operators a;, a; correspond to the single-particle states |i)
as |i) = a!|0). The wave functions |i) can be expanded into another basis represented
by the operators a; | a/. The bases states |i) and |i') and their corresponding creation

and annihilation operators are connected through a unitary transformation U
i) = Z Uijld) (2.6a)
J
CL;Jr = Z Uija;r-, (26b)
(]

a, = ZajU;; = Z U}iaj. (2.6¢)
ij i



The inverse transformation satisfies

w=2%m, (2.7a)
al = Z Ufdl = Z Uz, (2.7b)
Z Ujid,. (2.7¢)

T

The basis represented by the operators a;', a; is called the self-consistent basis. The

ground state in the self-consistent basis is defined as the Hartree-Fock state |HF)

A
HF) = [ ] «if10). (2.8)
i=1
It is convenient to define the density matrix of the HF state p'¥
pif = (HF|a}a;|HF). (2.9)
Using the transformation equations ([2.7h)), (2.7¢) leads to the following relation

P = ZU,W (HF|a} a}|HF). (2.10)

Let us prove the following identity
(HF|a)laj|HF) = (HF|{a}/, a;}|HF) — (HF|a;a]] [HF)
— 0 (HF|HF) — (HF|a)a] |HF) = 6, Yk :ep < ep, (2.11)
where ¢y, is the energy of the k-th level and ep is the energy of the highest occupied
level (the Fermi level). For all occupied single-particle states k, the expression (2.10))

gives

P =" UpUL =) ULUL = (UTUY); (2.12)

k—occ. k—occ.

The next step of this calculation is construction of the energy functional

(HF|H|HF) =~ t;;(HF|a}a,[HF) + — Zv;jkl HF |afala,ay,|HF). (2.13)

i zgkl

The second term in Eq. (2.13)) with the transformation relations (2.7bl), (2.7¢) gives
(HF|afalaa,|HF) =Y " UsUy ULUL (HF o] o oo |HF)

ot~ pj o pTTrTq
opqr

= Y UsUsUrUL(8ogSpr — orbpy)
opqr—occ.

= > (URULULUL = UsULUSUL)
op—occ.

= (UTUN)(UTU*); — (UTUS)u(UT Uy (2.14)



The proof of the identity
(HF|alallala! |HE) = 0oy0pr — OorOpgs V0, D 2 €0,6p < €F, (2.15)

OP""‘]

is analogous to the one in Eq. (2.11)). The energy functional ([2.13]) therefore reads

(HF|H[HF) =Y > ;UL U

ij o—occ.
1
—+ L_l Z Z V;jklUkoU* Ulp pi Z Z ‘/z]klUlo ozUkpU*j
ijkl op—occ. zgkl op—occ.
_ Ztlj UTU* ]l Z‘[ijl UTU*)]m (UTU*)
zgkl
- Z Vi (UTU)(UTU),5. (2.16)

ijkl
We minimize the functional (2.16]) with respect to the variation of the transfor-
mation U

5(HF|?1|HF>5U §(HF|H|HF)

6(HF|H|HF) = = S

SU* = 0. (2.17)

In general, U is an unitary matrix, hence we get two equivalent conditions

S(HF|H[HF)
SU o

S(HF|H[HF)
SU* -

Variation of the functional in Eq. (2.16]) with respect to U* gives

(2.18a)

(2.18D)

HF|H|HF) 1 i}
o (5|U*‘ Ztm ot 4 Z V;?jkl(UTU )ljUko
gkl

1 T 7%
+Z%V;pk‘l<U U")kiUlo

1
~1 D Vo (UTU")Us

jkl

1
-7 > Vi (U U130k (2.19)

ikl
Due to hermiticity and antisymmetry, the matrix elements Vj;i; satisfy the following
identities
Vigke = =Viim = =Vigie = Vi, (2.20a)
Vijkt = Viiij- (2.20b)



Applying ([2.20a)) and (2.20b)) on (2.19)) yields the equation

§(HF|H|HF)
- = Sty + ZVM UTU* ) p UL = 0. (2.21)

J

The unitarity of the matrix U presents following restriction
(UTU*)op — I, = 0. (2.22)
The variational problem with the restriction (2.22)) is expressed as

{(HF]H|HF> — e [UTU - 11}}
= Z {tp] + Z Vot (UTU); } Zspﬂ Ul = (2.23)
By substituting the density matrix identity (2.12)) we obtain the equation

> {tm- +) VpkﬂpﬁF} UL =" eL,Ub, (2.24)
Kl J

J

5U

which represents an eigenvalue problem of the matrix h,,, defined as

Py = tinn + Z VinkntPl' = EmOmn; (2.25)

Kl
where we rename indices p — m,j — n. Equation is called the Hartree-Fock
equation. Through diagonalization of h,,, we obtain a self-consistent basis |¢') which
is connected to the HO basis |i) by the unitary transformation U;;, see Eq. .
The Hamiltonian can be rewritten into the form in which the creation and
annihilation operators are normal ordered. For this procedure we use the Wick’s

theorem [16] and obtain the new expression of the Hamiltonian
H = Eyp+ HY + H®, (2.26)

Operators Egp, HY, and H® are defined as follows

Err = th Pii T35 ZszklpEinﬁF, (2.27a)
HY = Z (tzﬂ + Z‘/;ﬂl]plk > :ajaj:, (2.27b)
zJ
vakz ralalajay:, (2.27¢)

z]kl



] Tt T

where :a;a;: and :a;a;aay : denote the normal ordering of the operators a;a; and
a}a}alak, respectively. Normal ordered operators satisfy
(HF| :ala;: [HF) = (HF| :a?a}: |HF) =0,
(HF| :afalaay,: [HF) = (HF| :a]'d} aja},: [HF) = 0. (2.28)

Therefore, the value of the element <HF\}A[ |HF) is equal to the energy of the ground
state Eyp which is defined by the Eq. (2.27a). The terms H® and H® in Eq.

(2.27b) and (2.27c|) represent one-body and two-body parts of the Hamiltonian
(2.26). The operators in Egs.(2.274), (2.27b), and (2.27c) are expressed in the

self-consistent basis |¢') as

EHF = Z E; —% Z Vkikia (229&)

i—occ. i,k—occ.
HO = Z&i “allal:, (2.29b)
~ 1 _
H? — 1 Z ikl :a?afaga;{: ) (2.29¢)
ijkl

Here, Vijkl denote the matrix elements V;;;; transformed into the self-consistent basis

i") by the equation

Vijkl = Z V:)pqu*U*Ulj;Ulz:] (230)

ot~ pj
opqr

2.2 Hartree-Fock method in the proton-neutron-

A formalism with 3-body interactions

We study a hypernuclear system which consists of Z protons, N neutrons and one

A particle. The ground state of this system is described by the wave function
[Wo) = [Wo)p @ [Wo)n @ [Wo)a, (2.31)

where |¥g), and |Uy), are Slater determinants of protons and neutrons and |Wg)s

is the single-particle wave function of the A hyperon. Respective wave functions in

Eq. (2.31]) are defined as follows

Z

To)p = [ al10). (2.32a)
=1
N

o) = [ 0110), (2.32b)
i=1

[Wo)a = cl]0). (2.32¢)



Indices 7 and j run over Z and N lowest occupied states in the proton and the

neutron potential wells, respectively. In the proton-neutron-A formalism, a;,

a; stand

for the creation and the annihilation operators of protons, bj-, b; denote the creation

and the anihillation operators of neutrons, and CZT, ¢; represent the creation and the

anihillation operators of the A hyperon. Unitary transformations for each type of

creation and annihilation operators are defined as

/!
*—ZAw i 0 =2 o
Z Bijbj; Z bi B,
/
T_Z i J’ Ci:zcﬂ' i
]
Ground-state wave function in the self-consistent basis gives

[HF) = [HF), ® [HF), @ [HF),,

where
Z
|HF>P = Haﬁ|0>7
=1
|HF), Hb’*\o
[HE) s = 61T|0>-

Respective density matrices read
ph = p(HF|aja;|HF),,

P?j = n<HF‘b;‘rbj|HF>nv
Pl = A(HF|cle;[HF) .

(2.33a)
(2.33b)

(2.33¢)

(2.34)

(2.35a)

(2.35b)

(2.35¢)
(2.35d)

(2.36a)
(2.36b)
(2.36¢)

The two-body NN interaction operators VNN and VAN in Eq. (2.1) are in the

proton-neutron-A formalism defined as

VNN = e pen g
VAN — peA

(2.37a)
(2.37b)



The matrix elements of the operators VY and VAN in Eq. (2.37a)) and (2.37b) are

expressed as

ik = (i| VPP |kl — k), (2.38a)

Vi = (i [V kL= 1), (2.38D)

z]kl = <Z]|‘7pn|k:l>7 (238(3)

Vzlg)kz = (5| VP kL), (2.38d)

Vs = (if| VA kD). (2.38¢)

The three-body interaction operators VIVY and VANN are defined in the proton-
neutron-A formalism as

PYNN _ Dovn 4 Down 4 Do 4 Doen (2.39)

VANN VppA + VnnA + VpnA (239]3)

The matrix elements of the operators VNN and VAVN in Eq. (2.394) and (2.395)

are antisymmetrized as follows:

Vg,ﬁfmn = (@]k:|Vppp|lmn — Inm + nlm — nml + mnl — min), (2.40a)
Viikimn = (i7k|V™ lmn — Inm + nlm — nml + mnl — min), (2.40b)
V;Efmn = (zyk|VPp“|lmn — min), (2.40¢)

Vi = (17k[VP™lmn — tnm), (2.40d)
Vﬁﬁ;}m = (ijk|VPPAlmn — min), (2.40e)

Viikion = (i7k|V™MImn — min), (2.40f)
Y inan = (K| VP lmn). (2.40g)



The hypernuclear Hamiltonian (2.1)) in the second quantization reads

H= th Za]—l—th]bjb +th e

T Z Z?EZQTGTC”“’? + 7 Z Vz;ll?szbTblbk + Z VZ]leLTbTblak

Ukl zykl ijkl
Z Uk Clak + § : zykl C Cl
ijkl ijkl
o Vijkis + 35 RN AT
6 ijktmn @i a) aka”amal ijklmn Y5 001,00 0m 01
ijklmn Z]k:lmn
1
E ppn E : pnn T
+ Z ‘/Z]klmn ( Jb b nm@ + ‘/Uklmn zbjb b bmal
ijk:lmn 1jklmn
§ ppPA Jf T T nnA t
+ V;]klmn i @jCCnm A + z]klmnbz bjckcnb by
z]klmn Z]klmn
§ : poA ot t
+ ‘/z]klmn zbjckcnbmal
ijklmn

Again, we construct the energy functional (HF|H|HF)

(2.41)

(HF|H|HF) = Zt5j<HF\ajaj|HF> + )t (HF|bfb; [HF) + ) 8 (HF |cfe;[HF)

1
+ = ng;;l (HF|alalaa,|HF) + ZZI@?&(HFM}I)}@I)HHF)

z]kl ijkl
+ ) VEL(HF |afblbar[HF) 4+~ VP (HF |afclejar[HF)
ijkl ijkl
+ ) VRS (HF|bclorby [HF)
zyk:l
—|— — Z Vi ki € HF|a!a! akanamal|HF>
z]klmn
1
nnn T -i— -i—
+ 35 2 Viskinn (HF[b{b]5 bbb |HF)
ijklmn
+ - Z Vg,f;lmn HF|aZa}bLbnamal|HF>
z]klmn
+ - Z Vo (HF|albiobyby,a | HF)
mklmn
+ - Z V;?,S;T\m HF|aT Tczcnamal|HF>
zyklmn
+ = Z vk (HF|blblclc,b,by|HF)
zjklmn
+ Z V;?,?l[}m HF|aTchkcnb a;|HF),

ijklmn

(2.42)



where

(HF|a}ala}anama|HF) = (ATA");( AT A) i (AT A" )i — (ATA") (AT A™) 5 (AT A") i
— (ATA") (AT AY), 5 (AT A"y — (AT A") (AT A7) (AT Ay

+ (ATA7) (AT A" (AT AT) s — (AT A" (AT A) s (AT A) i,
(2.43)

<HF|bjb}b,§bnbmbl|HF> = (BT B*)i(BYB*)n; (B B*) i, — (BT B*)1 (BT B*)1; (BT B*) s
— (B"B*)mk(B"B*),j(B"B*);; — (B" B*) i (B" B*),;(B" B*);
+ (B"B*) i (BT B*)i(B" B*) i — (B" B*) o (B B*) (B B*) s

(2.44)
The terms which contain multiple types of particles satisfy
(HF|afa!b]byanma|HF) = (HF|alalam,q|HF), ,(HF[blb,|HF),, (2.45a)
(HF|a[blcl e bpma|[HF) = ,(HF|ala|HF), o (HF[blb,,[HF), 5 (HF|cfc,|HF),.
(2.45b)

By minimizing the energy functional (2.42)) with respect to the unitary transforma-
tions A, B, and C we obtain three Hartree-Fock equations — one for each type of
particles. The HF equation for protons:
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klmn
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nA n
+ Z ‘/i?klmnpmkpﬁl = £} 0;j. (2.46)

klmn
The HF equation for neutrons:
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+ Z ‘/kl;?rﬁnjpfnkpﬁl = &, 0y (2.47)

klmn
The HF equation for the A hyperon:
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After solving the Hartree-Fock equations ([2.46)), (2.47)), and (2.48)) we obtain three
self-consistent bases represented by the operators (a'T,a’), (b, V'), (¢T, ). Using the
Wick’s theorem on the hypernuclear Hamiltonian (2.41)) gets us separable Hamilto-

nian

where Eyp is the ground-state (HF) energy, H®W is the contribution to the one-
body operator, H® is the contribution to the two-body operator, and H® is the
contribution to the three-body operator. Here, the HF energy is defined as

LT T IS SRS LR i oy

1—occ. 1—occ. i—occ. 1j—occ. 1j—occ. ij—occ.
—nA 1 —ppp 1 —nnn —ppn
- E V@]z] E Vijij - 5 E Vijkijk - g E Vijkijk - E , Vijkijk
ij—occ. ij—occ. ijk—occ. ijk—occ. ijk—occ.
—pnn —ppA —nnA —pnA
- E : Vijkijk - E : Vijkijk - E zgkzgk —2 § Vz]k:zyk (250)
ijk—occ. ijk—occ. ijk—occ. ijk—occ.

The one-body operator H® reads
Al)zzgf:a?a;:—kzg?:bﬁb’- —i—Ze AT (2.51)
the two-body operator H® is defined as follows
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the three-body part is defined as

~ 1 — —nnn
H(3) = — Z VI.)PP a’Ta aga' al +— Z Vz]klmn‘ ,Tb/Tbgb;blmb/

ijklmn *
36 ijklmn zyklmn
1 y/Ppn /T /T 1ty y/pnn /T 1t107 1.0
+ Z_l Z Vijklmn' i bkbn mal + Z Vz]klmn: b blc n’m l'
ijklmn zgklmn
A A
+ - Z Vi il dlcal af: +— > Vi U0 b0
zgklmn z]klmn
—pnA
+ Z Vi ki ’Tb'Tc;Jc’ b.a: . (2.53)
ijklmn

The interaction matrix elements in the Eqgs. (2.50)), (2.52)), (2.53)) are represented in
the self-consistent basis. I.e. they are transformed from the interaction elements in
the HO basis by the relations equivalent to the Eq. (2.30]).




Chapter 3

Numerical Implementation of the
Hartree-Fock Method

The Hartree-Fock method is solved numerically by the code which is an extension of
the code used in the study of multipole response in neutron-rich nuclei [§]. In this
project, we derive the formalism of the HF method for the hypernuclear Hamiltonian
with the NN, AN, NNN, and the ANN interactions. We implement the NN, AN,
and the NN N interactions into the current version of the HF code. All the terms
which include the AN N interactions are not taken into account in this project. We
plan to implement them in future.

All interaction elements of the NN, AN, and the NNN forces are represented
and stored in the J-scheme formalism (see Appendix [A]). Le. we work with the

J,pp J,pn
J-coupled two-body elements Vi35 55 i) it Vimitsso)(mylydyh(madigi) (o)

J,nn J.pA JinA and
(naligs),(nilidi)s(nalede),(nalign) " (nalsga),(ngli35),(nalede),(align)? * (naligi),(ngls55), (nelide),(nalid)

3 J{27J127J7T1/2:T127T
with the JT-coupled three-body elements V(mliji),(nj L) (el ) (maagt), (Rl ) (Pl

We need to place restrictions on the indices 1,7, k,[,m,n which enumerate the
(neleje) configurations within the NNN matrix elements to reduce the demands
on the computer memory. We can use the antisymmetry and store only the matrix

elements for the indices

i> >k, (3.1a)
[ >m >n. (3.1b)

Furthermore, we can use the fact the the NNN matrix elements are hermitian.

Thus we can introduce another restriction which can be defined as (ijk) > (Imn),

e.g.

(4-10% +5-10° + k) > (1-10° +m - 10* 4 n). (3.2)
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In Eq. , we suppose that we work within a single-particle basis with dim < 103,
While in the J-scheme it is a complicated task to reconstruct the three-body matrix
elements which cannot be stored due to restrictions , , and , in the
M-scheme is this task trivial. In the code, we implement the following equations for

protons (neutrons), respectively,

p(n)
t(m ligi)y(nsl535) (5 6]131 57”“”]’
Jpp nn) p(n) (2J + 1)
+ Z Z (niliga),(nelidn),(nl35), (nllljz)p(nllzjz) (neliir) (Slllk(sjlﬂkamzmj (2j + 1)
J nkllqu !
gy
Jpn np) n(p) (2J + 1)
+ Z Z (niliga),(nalidn),(nil35), (nllljz)p(nllljz) (neliin) (slllk(shjkémzm]’ (2] 4 1)
J nkllqu !
nli
1/ PAmA) A(A) (2J+1) 1
+ Z Z (niligs (nklkjk) (1) () Pl o) (il ) 5lllk5jljk6mimj ; ;
@ @D
nyligi

HPIED IR DS

nklkjkmk nllljjml nmlm]'mmm nnlnjnmn

pun(ppn) n(p) n(n)

/PPP (nnn) p(n) p(n)
2 m Lijimingledme,niligimy,ngligim; 7”mlm3mmmvnnln]nmnpnmlm]mmm’nklk.]kmkpnnln]nmn’nlll]lml
+ 9 il zjzmunklkjkmkmzlmml,nglﬂ]mg:nmlmemm»ﬂnlnﬂnmnpnmlmjmmm,nklkjkmk’Oﬂnlnjnmn,nllulmz
+

Vppn(pnn) p(n) n(n) }

nilijiminglp Jeme,nilijimy,nglyjim; Pl fmmimsnndngnmn Pl jmmm il gemy Pl jnma il gmg

The elements of the NN N interactions in Eq. (3.3)) are decoupled into the M-scheme
from the JT-coupled elements on the fly by using the transformation equations
(A.11)),(A.12), (A.13), and (A.14). In addition, the following HF equation for the A

hyperon is implemented,

A
t(niliﬂb) (’I’L] J]j 6ll 6]’L~7J5m’bmj

s (2J+1)

+ Z Z (nelidn),(niligs),(naligi),(nl Jﬂj)p("lllﬂ) ("klkjk)élklléjkﬂ 5m1m3 (2 + 1)
J o ngliik
nil gy

i (2J +1)

+ Z Z (nelin),(niligs),(nalig)(njl ]]J)p(nllm) (nklk i) (Slklléjkjl 5m1mg (2] + 1)
J nkllqu
nilyji

The HF code can run either in the static or in the dynamic mode. The code in
the static mode at first solves the equations for protons and neutrons (3.3) without

the proton-A and the neutron-A interactions. Afterwards, it solves the equation



for the A hyperon. In the static mode, the properties of protons and neutrons
in the nuclear core are not affected by the presence of the A hyperon. We use the
static mode for calculations of the bare nuclear core. The code in the dynamic mode
solves the equations and self-consistently for the whole hypernucleus. We
use the dynamic mode for calculations of the A single-particle spectra.

The HF method is implemented in the spherical HO basis. This basis is infinite.
In practical calculations, the basis is truncated by the maximal major shell number
Npax. Le. the single-particle configuration space is defined as a set of the single-
particle states {|i) : 2n; + {; = N; < Npax}. The number n; stands for the principal
quantum number and [; is the orbital angular momentum. The two-body interaction
operators are represented as the matrix elements of the products of the two single-
particle states |2)|j) = |ij), |k)|l) = |kl) (see equations (2.38a)-(2.38¢)). The two-
particle basis is truncated consistently with the single-particle basis by the number
N2 Te. the two-particle configuration space is defined as a set of the states
{lij) : 2n; +1; +2n; +1; = N; + N; < 2Njax = Nr(nlaa} Similar logic applies to the
three-body operators which are represented as matrix elements of products of the
three single-particle states |i)|7)|k) = |ijk), |[{)|m)|n) = |lmn). The three-particle
basis is truncated by the number N2,
of the states {|ijk) : 2n; 41 +2n; + 1+ 2ng + lp = Ni+ N; + N, < 3Npax = NS},
The current version of the code can run with configuration spaces up to Nyax = 4,
N2 =8 NUZD = 19,

The width of the potential well of the spherical harmonic oscillator is given by
the parameter hw. In this work, the parameter Aw is fixed to 20 MeV.

The configuration space is defined as a set



Chapter 4

Results

We study the effect of the three-body NN N interactions on the radial density dis-
tributions and the single-particle spectra of the nuclei %0 and %°Ca and the A
single-particle spectra of the hypernuclei O and 4!Ca. The studied nuclei are
doubly-magic and spherically symmetric. Therefore, they are convinient systems
for calculations within the spherical HO basis which we use in our model.

Throughout our work, we employ chiral NNLOg,; potential which includes both
the NN and the NNN interactions [14]. The force acting between the A particle
and the nucleons is described by the chiral LO AN potential [15] with the cut-off
A =550 MeV.

The input parameters of our calculations are the numbers N, Néﬁz, Nr(nla%? ),
and fw (see Chapter . We perform calculations only for Ny.. = 4, N2 =
8, N2 — 12 and hw = 20 MeV.

The plots in Fig. show radial distributions of the nuclear densities of the
40Ca and the 1°0. We compare the density distributions calculated with and without
the presence of the NN N interactions to the Relativistic Mean-Field (RMF) model
with the parametrization NL-SH [19]. The RMF model reproduces well the exper-
imental radial nuclear density distributions [20]. The radial density distributions
calculated with only the NN interactions give unrealistically compressed nuclei and

as a result too small charged radii. The charged radius of a given nucleus is defined

Tch = \/7"12)+q27 (41)

where ¢* = 0.64 fm? is the proton form-factor [20] and ry, is the proton RMS radius

as

ry = / d3r r2p, (7). (4.2)
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Fig. 4.1: The radial density distribution of the **Ca and the 9O calculated only
with the NN interactions (2B — dashed blue line), the radial density distribution of
the “°Ca and the 10 calculated with the NN and the NN N interactions (2B + 3B
— dash-dotted red line), realistic radial density distribution of the *°Ca and the 60O
calculated with the RMF model (RMF — full green line).

The function p,(7) in Eq. is the proton density distribution. The charged
radii of the 4°Ca and the 190 calculated with the NN and with the NN + NNN
interactions compared to the experimental data [2I] are shown in Table 1.1l The
charged radii calculated with the presence of the NNN interactions give results
closer to the experimental values.

In Table there are the Hartree-Fock energies per nucleon calculated with
the two-body NN and the two-body NN plus the three-body NN N interactions

compared to the experimental values. The ground-state energies calculated with the

Table 4.1: The charge radii ry, of the “°Ca and the 'O calculated with the NN
interactions (2B) and the charged radii of the *°Ca and the 'O calculated with the
NN + NNN interactions (2B+3B) compared to the experimental data (exp) taken
from [21].

Ten [fm]
AX 2B 2B+3B  exp
0Ca 258 318 348
160 223 267 270
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Fig. 4.2: The neutron single-particle energies €* in the °Ca and the O calculated
with the two-body NN interactions (2B) and with the two-body NN plus the three-
body NN N interactions (2B+3B) compared to the empirical values (exp) [22].

two-body NN interactions show significant overbinding, whereas the ground-state
energies calculated with the two-body NN plus the three-body NN N interactions
are considerably underbinded. We did not take into account the beyond mean-field
correlations.

In Fig. [4.2] we show the neutron single particle spectra of *°Ca and 60O
calculated with the NN interactions and with the NN + NNN interactions. We
show the empirical values of neutron single-particle energies for comparison. Here,
the empirical values are determined from the differences between binding energies

of doubly-magic nuclei °Ca and '°0O and the corresponding neighboring odd nuclei.

Table 4.2: Values of the Hartree-Fock energies per nucleon calculated with the NN
interactions (2B) and with the NN + NN N interactions (2B+3B) in “°Ca and %O

compared to the experimental values (exp) which correspond to Ee, = —B(4X)/A.

Eur/A [MeV]
AX 2B 2B+3B  exp
0Ca -11.65 -0.60 -8.55
0 731 -219 -7.98
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Fig. 4.3: The A single-particle energies ¢* in the {!Ca and the 1’0 calculated with
the two-body N N interactions (2B) and with the two-body NN plus the three-body
NNN interactions (2B+3B) compared to the experimental data (exp) [17, 1§].

The unoccupied single-particle energies are calculated by the equations

e" = B(*°Ca) — B(*'Ca), (4.3a)
e" = B(*%0) — B('0), (4.3Db)

where B(4X) is the binding energy of the given nucleus. The occupied single-particle

energies are obtained by

e" = B(*Ca) — B(**Ca), (4.4a)
e" = B(*0) — B(*°0). (4.4b)

The single-particle spectra calculated without the NN N interactions show unreal-
istically large gaps between the shells, as well as unrealistically large gaps between
levels in a given shell.

In Fig. we plot the A single-particle energies in the }!Ca and the }’O calcu-
lated with and without the N NN interactions compared to the experimental values.
Again, the presence of the NN N interactions leads to more realistic gaps between
the shells. The spectra are systematically shifted upwards in energy with respect
to the experimental data. The employed AN interaction is strongly dependent on
the cut-off parameter. Moreover, we do not take into account the A — > mixing and
the ANN interactions. These effects combined may explain the shift. The values
of the energies plotted in Fig. are written in Table The A single-particle



levels in the }!Ca calculated with the NN interactions (2B) are ordered as follows:
0s1/2, Ops/2, Op1/2, 0ds/2, 1812, 0ds/2. The A single-particle levels in the §'Ca calcu-
lated with the two-body NN plus the three-body NN N interactions (2B+3B) are
ordered as follows: 0sy/2, Ops/2, 0p1/2, 0ds 2, 0ds/2, 18;/2. However, we use too small
configuration space to obtain reasonable results for the levels in the sd- shell. The A
single-particle levels in the 1O calculated without and with the three-body NN N
interactions (2B and 2B+4-3B) are ordered 0s; /2, Op1/2, Ops/2. Note that it does not
correspond to the standard ordering of the single-particle levels 0Os; /2, Ops/2, Opy/2.
This may be caused by the character of the employed AN interaction which has too

weak tensor term.

Table 4.3: Single-particle energies of the A hyperon in 4!Ca and }’O calculated with
NN interactions (2B) and with NN + NN N interactions (2B+3B) compared to the
experimental data (exp) — 4'Ca [18], 17O [17].

et [MeV]
11Ca e
s.-p. level 2B 2B+3B exp 2B 2B+3B exp

Osijp  -33.561 -15.820 -20.0 + 1.0 -18.203 -9.055 -13.5 + 0.4
Opsz  -14.095 -5016 -11.0+1.0 1.076  3.090 -2.4 + 0.4
Oprz  -13.958 -4.987 -11.0+1.0 0805 3.005 -24 + 0.4
0ds/s 4275  5.762
ls;, 4180  9.928
Ods,  3.998  5.820




Chapter 5
Conclusions

In this work, we studied the effect of the three-body NNN interactions on the
structure of the nuclei *°Ca and 'O and the hypernuclei }!Ca and }’O. We derived
the formalism of the Hartree-Fock method for the Hamiltonian which includes the
NNN and the ANN potentials. We used the proton-neutron-A formalism. We
extended the available HF code to solve the equations which we derived. In the
code, we implemented the chiral potential NNLOg,; which includes the NN and the
NNN interactions, and the chiral LO AN potential. We plan to implement the
AN N interactions in future.

In this work, the HF code ran only within the configuration space up to Ny.x = 4,
NG = 8, NUZ) — 12, We intend to study another ways to truncate the config-
uration space, e.g. N2 = N2 Npax. This will allow us to include larger
configuration space.

We calculated the radial density distributions of the “°Ca and the 10, as well as
their charge radii. We concluded that the NN N interactions have a significant ef-
fect on these observables. The NN N force flattened the radial density distributions
which were then in good agreement with the RMF model. In addition, it enhanced
the charged radii closer to their respective experimental values.

We studied the ground-state energies Eyp of the *°Ca and the 1°0. We found
that the ground-state energy of the 4°Ca calculated purely with the two-body NN
interactions overestimates the empirical value. On the other hand, the ground-state
energies calculated with the two-body NN plus the three-body NN N interactions
significantly underestimate empirical data in both the “°Ca and the '°O. Possible
explanation is that we do not take into account the beyond mean-field correlations.

We explored the neutron single-particle energies of the “°Ca and the 0. We
discovered that the NN N force shrinks the gaps between the major shells, as well

as the levels within given major shell. The neutron single-particle energies in the **O
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were in better agreement with their empirical values than the ones in “°Ca. However,
the computations were not converged within our limited configuration space. This
affected more the *°Ca than the 0. We expect better agreement with the empirical
values in larger configuration spaces.

We performed calculations of the A single-particle spectra in the }!Ca and in
the }O. The NNN force shrank the gaps between the major shells. The calcu-
lated single-particle energies were shifted systematically upwards with respect to
the available experimental values. We argued that this shift was influenced by the
cut-off dependence of the employed AN potential, as well as the effects of the A — X
mixing and the AN N interactions which were not considered in our work. In 'O we
obtained the opposite spin-orbit splitting of the levels Ops/, and Op; /2. We discussed
that this may have been due to the weak tensor term in the AN potential. We plan
to study the effects of the tensor term, the A — ¥ mixing and the ANN interaction

in future.



Appendix A

J-scheme Formalism

The indices i, j, k, [, m,n which we use throughout Chapter [2| represent the eigen-

states of the spherical harmonic oscillator basis
|7) = [niligima), (A1)

where n; is the principal quantum number, [; is the orbital angular momentum,
Ji is the total angular momentum, and m; is the projection of the total angular

momentum. The numbers [;, j; and m; satisfy the following relations

1 1
li— =1 <7 <L+, A2
2‘ <7 <li+ 5 (A.2a)
mi = —ji, =i+ 1, i — 1+ (A.2b)

The formalism which uses the eigenstates as defined in (A.1)) is called the M-scheme.
If the studied system exhibits spherical symmetry, we can develop a formalism which
disregards the projections of the total angular momenta and represents the eigen-

states as sets of three quantum numbers

This formalism is called the J-scheme.
The matrix elements of the kinetic operator of protons, neutrons, and the A

particle, respectively, are transformed into the J-scheme formalism as follows

p _ 4P .
nilijimisnglijzmg — t(nilz‘ji)v(njljjj)5lilj 5]”J' 5mimﬂ" (A.4a)
n — ..
tnilijimivnjljjjmj - t(niliji)7(njljjj)5lilj 0jisyOmim, (A.4b)
A _ A .
tnilijz-mi,njljjjmj - t(nllzjl),(n]l]‘]])élzl] 6]1'.7]' 5mzm] <A4C)
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Analogically, the matrix elements of the density matrices of protons, neutrons, and

the A particle, respectively, read

D — 4P .
Pritigiminslijm; = p(mliji),(njljjj)&ili(5Ji]j5mimﬂ' (A.5a)
n — B ..
pnilijimi,njljjjmj - p(niliji),(njljjj)élilj5Ji]j5mimj7 (A5b)
_ A
Priligimansligzm; = p(mliji),(”jljjj)alilf5jijj§mimi' (A.5¢)

The transformations of the matrix elements of the two-body NN and AN interaction

operators into the J-scheme are expressed as:
PP . . R E :Ci’mifmf CJmetm s
nilijims,mjlijimg gl jeme,nilijimg Jimg,Jimg 7 emg,jimg Mk tmy,mi+m;
J

v/ee (A.6a)

(niligi),(nsl535)s(nalide),(nilign)?

pn . . = E oJmitmi oJmietm g
nilijimi,nglyjymg el jeme,nilijim i g5 e, Jimy O e My
J

Vv on (A.6D)

(niliga),(ngl535),(nalede)s(nilign)?

o . . R 2 :C‘?mifmf CJmitm s
nilijimi gl gimg el jeme,nilijimg Jimi,gimg ~ Jema,gimg MMMy
J

y/mo (A.6c)

(niligi),(nil535)s(nalide),(nilign)?

pA . . . E c/mitmi oJmetm
nilijimamgly gymg il jeme,nili jimg Jim,Jjmg . Jemg,gimg © Mk My m+m;
J

J,pA
‘/(niliji)7(”.7'ljjj)7(nklkjk)v(nzlljl)7 (A.6d)
nA - Jmi—‘,—mj Jmi+my
Vnilijimi,njl]’jjm]',nklkjkmk,nllljlml - E Cjimi’jjmjCjkmk,jlmlémk+ml,mi+mj
J

ynd (A.6e)

(nligi),(njlids),(nelicdn)(mlidi)’
where the symbols

CJmk-i-mz

Jemuegimy T <jkmk7jlml|J mk—le),

Jmi—i-mj - . .
imegom; = (Jimis, Jymgl T mi+my),

represent the Clebsch-Gordan coefficients. The transformation of the matrix ele-

ments of the three-body interactions requires the following relations

In1lij1, nalaja, nslsjs; Jio, JM) =
= Z C/dhe oM [n1lyjima, nalajama, nslsjsms), (A7)

jimi,jema ~ Ji2 M12,j3ms
mimam3 M2

|n111j1m17 Nalajama, n3l3j3m3> =

= ZCJ12m1+mQCJm1+m2+m3 \n1lij1, naloga, nslsjs; Jiz, J mi+me+ms).  (A.8)

Jjimai,jame ~ Jiami+ma,jzms
JioJ



Here, the symbol J;5 stands for the angular momentum which couples the angular
momenta j; and jo. The symbol J stands for the coupling of the angular momenta
Ji2 and j3. In addition, we can introduce the isospin quantum number ¢ and its
projection m;. Each type of particles can be expressed with distinctive values of ¢
and my — protons (t = £,m; = +3), neutrons (¢ = 5, my = —3), and the A hyperon
(t = 0,m; = 0). The equations and can be rewritten into the JT-coupled

form

inilyjits, nalogats, nglsjsts; JioTha, JMT Myp) =
E E E E J12 M2 Ti2Mry, TMr
C]1m17J2m2 CJ12M12,J3m3 Ctlmt1 slamiy CT12MT12 t3mig
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and
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In analogy to Eqgs. (A.6al)-(A.6e]), we can introduce the relations between the three-

body interaction matrix elements in the JT-scheme and in the M-scheme:
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3" (niliji),(njl575),(nkledk ), (nilije),(Ramlmm)(nnlnjn) .



pnn
nilijim; Pz l]]j m; Nl jeme il imeynmlm fmMm Nl jnmn

_ Z ZC le—l—m]CJml—&—m]—&—mk legml+mmCJml+mm+mn

Jim,Jjm; lome+my jemyg ~ Jimimmm " Ji2mp+mm,jnmn
Ji2J1,

1 T{QZO:TD:O,T—* J127J12,J
2 (n'LZZJZ)v(nJle])7(nklk.7k)7(nlll.7l)7(nmlm.7m)7(nnln]n)

Lo 1=1,T1o=1,1=1 7}, J12,]
6 (niliji)v(njljjj)7(nklkjk)7(nllljl)7(n7nl7nj'm)7(nnlnjn)

_|_

n L T),=1T12=1,T=37},,J12,7
3 (niliji),(njl335),(nklkdn),(nilign),(nmlmjm ) (nnlnjn)
n I 1=1T1=0,T=1,7],,J12,7
2\/§ (nzlzjl)v(njl]]])?(nk:lk]k) (nlll]l)v(nmlm]m)7(nnln]’ﬂ)

1 T{QZO,TD:LT—* J19,J12,J
2\/§‘/(niliji)v(njljjj)7(nklk]k)7(nllljl)7(nmlmjm)7(nnlnjn) ’ (A 14)

ppA
niligima,nglijimg neledemenilijimenmlm jmmMm,nnln jnmn

Z Z J12m1+m] C«Jmierjerk CJ12mz+mm C«sz+mm+mn

szu]]mj 12mi+m]’u]kmk Iamy,ImMm ~ Jiamp+mm,jnmn
J12J12 J
T{,=1,T12=1,T=1,J{,,J12,J
X , ) : . ‘ . Al
‘/v(nili]’i%(njlj]j)»(nklk]k)v(nllljl)7(nmlm]m)7(nnln.7n)7 ( 5)
pnA

nilijim; Pz l]]j m; Nl jeme il fimynmlm fmMm Nl jnmn

_ Z Z 12m1+m]CJml+m]+mk CJ12m1+mmCJml+mm+m"

Jimg,J;m; 12m7,+m] JEME  JIMGLImMm  Jiomp+mm,jnmn
Ji2J]y

LT, =1, =1,T=1,7]y,J12,7
9 " (naliga),(nlids), (naelidn), (malige),(nmdmdm ), (Rnlngn)

1 77 —0119=0,7=0,77, J10,J
- 12— Y, 412=Y,L =U,J19,J12,

VnnA

nilijim; 15 lj JJ m; Nelkjeme il fimenmlm fmMm nnln jnmn

Z Z Jlgmz"l‘mg C«Jmi+mj+mk CJ12mz+mm Cszerermn

JiMisJ;m; J/2m1'+mj,,7kmk Jimy,gmMmam —~ Ji2my+mm,jnmn
J12J12 J

T{,=1,T12=1,T=1,J{,,J12,J (A 17)

A.1 Hartree-Fock Equations in the J-scheme For-
malism

In this section we show the Hartree-Fock equations in the J-scheme formalism. We
substitute matrix elements of the one-body, the two-body, and the three-body op-

erators transformed into the J-scheme to respective Hartree-Fock equations in the



M-scheme ([2.46)), (2.47)), and ([2.48). We obtain the corresponding HF equations for

protons, neutrons, and the A hyperon in the J-scheme:
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The HF energy corresponding to the minimized value of the energy functional (2.42)

is expressed in the J-scheme as follows:
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njlij;
Nl
iy
nmlm]m
nnln]n

p(nllljl) (nil Uz)p("mlmﬂm) (nyl ij)p("nlnjn) (nelrie) 5l ll(sjlﬂj 51 lm(sﬂ]ﬂmalklnajldn

1<2J12 -+ 1)(2J + ) 127§,T127§ T=1,J12,J12,J X
2 2jj 1 (niligs),(njl555), (el de ), (nalige) s (Mmlmdm ), (nnlngn)

A n
X Dty (i) P oo o)) P b)) Obits 05 015 zm%m%zn@un}- (A.21)
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