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WHY WOULD I WANT TO DO 
THAT?



BASIC PROPERTIES OF FT

In particle physics, one can use FT to go from one representation to another.

One of the possible examples is the computation of the unintegrated gluon 
distributions from the scattering amplitude in position space.

3

Documentation to scattering
amplitude FT attempts

FT formulas

The two considered FTs that I attempted are:

xtarG
(2)
(kt, Y ) =

Nck2
tS

8⇡4↵s

Z
d2re�iktr[1�N(r, Y )] (1)

and

xtarG
(1)
(kt, Y ) =

NcS

4⇡4↵s

Z
d2r

r2
e�iktr[1� (1�N(r, Y ))

2
]. (2)

after transformation to polar coordinates, one can use this form of 1

xtarG
(2)
(kt, Y ) =

Nck2
tS

8⇡4↵s

Z
drJ0(ktr)(1�N(r, Y ))2⇡rdr (3)

analogically

xtarG
(1)
(kt, Y ) =

NcS

4⇡4↵s

Z
drJ0(ktr)(1� (1�N(r, Y ))

2
)
2⇡

r
(4)

Attempted Integration techniques

• FFT routines - after four separate attempts (hours and hours), weird

results, the basic concept of this routine doesn’t seem to match my

needs (kt range of after FT is computed as inverse range in r)

• Simpson method - integrate the real integral 3 and 4 with simpson

method. Use linear or logarithmical interpolation of the integrand (al-

most no di↵erence). This method shows significant dependence on the

considered interval over r (length and number of steps. 3 needs r(0, 20)

and 4 r(0, 700) to fit Javiers data. If the region is larger, the FT drops
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BASIC PROPERTIES OF FT

In particle physics, one can use FT to go from one representation to another.

Another example is the computation of the exchanged transverse momentum 
dependence from the impact parameter dependent scattering amplitude. 
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FIG. 1: Vector-particle production in the dipole frame. The amplitude factorises as a product of vertex functions and elastic
dipole-proton interaction amplitude (see formula (3)).

of impact parameter. The remarkable point [10] is that the travelling-wave analysis of the BK equation can be better
achieved in momentum space, by Fourier transforming T (r,b;Y ) into T̃ (r,q;Y ) where q is the momentum transfer.
From the knowledge of the exact solutions of the BFKL equation at non-zero momentum transfer [12], the travelling-
wave property has been extended [10] (for large Q):

• at small momentum transfer, i.e. when |r||q| < |r|Q0 < |r|Q ∼ 1, one has asymptotically T̃ (r,q;Y ) =
T̃ (|r|Q0Ωs(Y ),q), recovering the forward result;

• at intermediate, semi-hard, momentum transfer, i.e. when |r|Q0 < |r||q| < |r|Q∼ 1, one has asymptotically
T̃ (r,q;Y )= T̃ (|r||q|Ωs(Y ),q);

• at large, hard, momentum transfer, i.e. when |r|Q0 < |r|Q < |r||q|∼1, one has no more saturation, (giving an
explanation of the impact-parameter puzzle).

This introduces a q-dependent saturation momentum in the near-forward and intermediate transfer region with a
rapidity evolution Ωs(Y ) keeping the same form as in the forward case. Those predictions were confirmed both by
analytical and numerical analysis of the BK equation completely formulated in momentum space [11].
Our purpose here is to investigate an interesting phenomenological prediction from these results: the geometric

scaling property should manifest itself in exclusive vector meson production and deeply virtual Compton scattering
(DVCS), which are experimentally measured at moderate non-zero momentum transfer t = −q2. In this paper, we
analyse whether or not the available data from HERA are sensitive to a t−dependent saturation scale. To do this, we
use a QCD-inspired saturation model for the dipole amplitude T̃ (r,q;Y ). Since it is important to include the charm
in the analysis, both for its impact on DVCS, non-charmed mesons and also J/Ψ production, we make use of a recent
saturation model that successfully includes charm [13]. Note that our parametrisation, which uses the momentum
transfer q instead of the impact parameter b as suggested by this derivation of saturation effects in perturbative
QCD, provides a fruitful phenomenological framework since the data are directly measured as a function of t = −q2.
The plan of the paper is as follows. In section II, we recall the formulation of vector meson production and DVCS

differential cross-sections in terms of the dipole scattering amplitude T̃ (r,q;x). In section III, we briefly explain the
asymptotic travelling-wave properties of this amplitude and how they translate into geometric scaling at non zero
momentum transfer; we also introduce our QCD-inspired model for T̃ . In Section IV, we present fits to the vector-
meson production experimental data, discuss our results and present predictions for DVCS. Section V concludes.

II. EXCLUSIVE VECTOR MESON PRODUCTION IN DIS AT SMALL x

In the small−x limit, it is convenient to describe the scattering of the photon in a particular frame, called the dipole
frame, in which the virtual photon undergoes the hadronic interaction via a fluctuation into a colorless qq̄ pair, called
dipole, which then interacts with the target proton. The wavefunctions ψγ∗,λ

f,h,h̄
(z, r;Q2) describing the splitting of a

virtual photon with polarization λ=0,±1 into a dipole are well known. The indices h=±1 and h̄=±1 denote the
helicities of the quark and the antiquark composing the dipole of flavor f. The wavefunctions depend on the virtuality
Q2, the fraction z of longitudinal momentum (with respect to the γ∗−p collision axis) carried by the quark, and the
two-dimensional vector r whose modulus is the transverse size of the dipole. Explicit formulæ for the QED functions
ψγ∗,λ
f,h,h̄

can be found in the literature [14] and are recalled in Appendix A.
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The exclusive production of vector mesons is represented in Fig.1: the photon splits into a dipole of size r which
scatters elastically off the proton, with momentum transfer q, and recombines into a vector meson whose mass we
shall denote MV . To describe this process, we need to introduce the wavefunctions ψV,λ

f,h,h̄
(z, r;M2

V ) which describe

the splitting of the vector meson with polarization λ into the dipole. In fact, to compute the vector-meson production
amplitude pictured in Fig.1, we need the transverse (T) and longitudinal (L) overlap functions Φγ∗V

T =(Φγ∗V
+ +Φγ∗V

− )/2

and Φγ∗V
L =Φγ∗V

0 obtained through

Φγ∗V
λ (z, r;Q2,M2

V ) =
∑

fhh̄

[

ψV,λ
f,h,h̄

(z, r;M2
V )

]∗

ψγ∗,λ
f,h,h̄

(z, r;Q2) . (1)

These functions depend on the meson wavefunctions ψV,λ
f,h,h̄

, and different models exist in the literature [15, 16, 17]. We

shall discuss two different choices later in this paper: the boosted Gaussian (BG) wavefunctions [15] and the light-cone
Gaussian (LCG) wavefunctions [17]. For completeness, we give explicit expressions for those overlap functions in
Appendix A.
If q denotes the transverse momentum transfered by the proton during the collision, the differential cross-section

with respect to t = −q2 reads

dσγ∗p→V p
T,L

dt
=

1

16π

[

1 + (β(V )
T,L)

2
]
∣

∣

∣
Aγ∗p→V p

T,L

∣

∣

∣

2
. (2)

In that expression, A refers to the imaginary part of the scattering amplitude and is given by

Aγ∗p→V p
T,L =

∫

d2x d2y

∫ 1

0
dz Φγ∗V

T,L (z,x−y;Q2,M2
V ) e

iq·y T (x,y;Y ) , (3)

where x and y are respectively the transverse positions of the quark and the antiquark forming the dipole. T (x,y;Y )
is the dipole-proton scattering amplitude and carries all the energy dependence via the rapidity Y which is now
obtained from the centre-of-mass energy W and the vector-meson mass MV using

Y = log

(

W 2 +Q2

M2
V +Q2

)

.

The prefactor 1 + β2 in (2) accounts for the contribution coming from the real part of the amplitude and can be
obtained using dispersion relations:

β(V )
T,L = tan

(

πλ

2

)

with λ =
∂ log(Aγ∗p→V p

T,L )

∂ log(1/x)
. (4)

It is convenient to consider the dipole-proton scattering amplitude as a function of r=x−y and b= zx+(1−z)y
and to introduce the following Fourier transform:

T̃ (r,q;Y ) =

∫

d2b eiq·b T (r,b;Y ) . (5)

Indeed, as we shall discuss in the next section, this quantity features the geometric scaling property at non-zero
momentum transfer. The formula we shall use finally reads

dσγ∗p→V p
T,L

dt
=

1

16π

[

1 + (β(V )
T,L)

2
]

∣

∣

∣

∣

∫

d2r

∫ 1

0
dz Φγ∗V

T,L (z, r;Q2,M2
V ) e

−izq·r T̃ (r,q;Y )

∣

∣

∣

∣

2

. (6)

Note that formula (6) can also be used to compute the DVCS cross-section σγ∗p→γp, provided one uses the vertex
for a real photon instead of a vector meson in (1). The overlap function between the incoming virtual photon and the
outgoing transversely-polarized real photon is now model-independent and given by

Φγ∗γ
T (z, r;Q2) =

∑

fhh̄

[

ψγ∗,T
f,h,h̄

(z, r; 0)
]∗

ψγ∗,T
f,h,h̄

(z, r;Q2) . (7)

b
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FIG. 1: Vector-particle production in the dipole frame. The amplitude factorises as a product of vertex functions and elastic
dipole-proton interaction amplitude (see formula (3)).
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for a real photon instead of a vector meson in (1). The overlap function between the incoming virtual photon and the
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HOW DO I DO IT?



COMPUTING FT

Let’s take the dipole gluon distribution as an example.

How do we compute this complex integral?

We move to polar coordinates.
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Documentation to scattering
amplitude FT attempts

FT formulas

The two considered FTs that I attempted are:

xtarG
(2)
(kt, Y ) =

Nck2
tS

8⇡4↵s

Z
d2re�iktr[1�N(r, Y )] (1)

and

xtarG
(1)
(kt, Y ) =

NcS

4⇡4↵s

Z
d2r

r2
e�iktr[1� (1�N(r, Y ))

2
]. (2)

after transformation to polar coordinates, one can use this form of 1

xtarG
(2)
(kt, Y ) =

Nck2
tS

8⇡4↵s

Z
drJ0(ktr)(1�N(r, Y ))2⇡rdr (3)

analogically

xtarG
(1)
(kt, Y ) =

NcS

4⇡4↵s

Z
drJ0(ktr)(1� (1�N(r, Y ))

2
)
2⇡

r
(4)

Attempted Integration techniques

• FFT routines - after four separate attempts (hours and hours), weird

results, the basic concept of this routine doesn’t seem to match my

needs (kt range of after FT is computed as inverse range in r)

• Simpson method - integrate the real integral 3 and 4 with simpson

method. Use linear or logarithmical interpolation of the integrand (al-

most no di↵erence). This method shows significant dependence on the

considered interval over r (length and number of steps. 3 needs r(0, 20)

and 4 r(0, 700) to fit Javiers data. If the region is larger, the FT drops

1
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Let’s take the dipole gluon distribution as an example.
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FT formulas
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1

rdrd𝞅
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1
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rdrd𝞅
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cos(𝞅)

rdrd𝞅

The integrand doesn’t depend on 𝞅, only on r.
What do we do? Factorize!
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Now we have a real integrand! 

We can use the usual Simpson method to integrate it.
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Now we have a real integrand! 

We can use the usual Simpson method to integrate it.

Our work here is done then, this is easy. Should we go to conclusions?

There is still one problem.
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COMPUTING FT

Now we have a real integrand! 

We can use the usual Simpson method to integrate it.

Our work here is done then, this is easy. Should we go to conclusions?

There is still one problem.

The Bessel function oscillates and makes the convergence of the integral slow. 
16
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J0(x) is an oscillatory function, that slowly converges to 0. Did we forget about something? 
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When we include r, Bessel function does not converge at all! 
Do we have to integrate to infinity? 

In finite time? 
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When N(r,Y) reaches 1, the term (1 – N(r,Y)) kills the integrand.
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This happens at r ~10 GeV-1, why do we worry then?
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Up to J0(10) , we have ~ 1.5 wavelengths. 

We can still use Simpson. What is the problem?
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Up to J0(10) , we have ~ 1.5 wavelengths. 

We can still use Simpson. What is the problem?

If kt is very big (say 1000 GeV), 

J0 doesn’t get suppressed until J0(10 000).

Try Simpsonning that..
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If we try anyway..
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COMPUTING FT

How do we tackle that? Here are some key ideas:

1. Find the table of zeros of the Bessel function, integrate separately 
all positive, and negative parts and then subtract them.

2. Use pre-implemented FFT routines in some libraries, that have 
already taken care of these problems for us.

3. Cutting and extrapolating the regions of high kt.

4. Use the old methods, but increase precision as much as we can.
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COMPUTING FT

The error of the computation does not come from the subtractions, but rather from 
imprecise integration of the sub-integrals. This will not fix this problem.
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COMPUTING FT

After spending tens of hours trying to understand the implementation and making it 
work, I gave up. In case someone knows how to do these, please let me know.
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Cutting and extrapolating will work if we are then done with the distribution. If not, it 
creates a bump in its derivation, which spoils convolution with other distributions.
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Surprisingly enough, this is the way!
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How do we increase the precision?

1. Increase the amount of steps in the Simpson method.
1. We can make sure, that we have at least 1000 points per 

oscillation of the Bessel function. This alone will not fix our 
troubles though.
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How do we increase the precision?

1. Increase the amount of steps in the Simpson method.
1. We can make sure, that we have at least 1000 points per 

oscillation of the Bessel function. This alone will not fix our 
troubles though.

2. Increase the precision of N(r,Y).
1. This is crucial, since the transition point from 0 to 1 in N is 

the region most responsible for the final value of the Fourier 
transform.

Documentation to scattering
amplitude FT attempts

FT formulas

The two considered FTs that I attempted are:
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after transformation to polar coordinates, one can use this form of 1
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Attempted Integration techniques

• FFT routines - after four separate attempts (hours and hours), weird

results, the basic concept of this routine doesn’t seem to match my

needs (kt range of after FT is computed as inverse range in r)

• Simpson method - integrate the real integral 3 and 4 with simpson

method. Use linear or logarithmical interpolation of the integrand (al-

most no di↵erence). This method shows significant dependence on the

considered interval over r (length and number of steps. 3 needs r(0, 20)

and 4 r(0, 700) to fit Javiers data. If the region is larger, the FT drops
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CONCLUSIONS

• Fourier transform is an irreplaceable tool in particle physics.

• Computing it numerically can prove to be a problematic task if we
are dealing with an oscillatory integrand with many oscillations.

• Both precision of the integrand and of the integration method is the
key to success.

• This computation can be rather CPU-time demanding. It is viable to
use clusters if you need high precision.

32



THANK YOU FOR YOUR ATTENTION

No matter what, don’t lose hope. We are all bombastic.

- Dan Nekonečný


