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WHAT IS BK EQUATION?



DEEP INELASTIC SCATTERING

The electron-proton collisions are considered to happen as:
1. The incoming electron emits a virtual photon.
2. The virtual photon interacts with the target proton
3. The proton breaks apart.   
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HOW DOES A PHOTON INTERACT 
WITH A PROTON?



DIPOLE MODEL

The photon must interact strongly with the target proton, how is that possible?
1. The virtual photon first fluctuates into a quark-antiquark pair
2. Then it exchanges an object with vacuum quantum numbers with the proton
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DIPOLE MODEL

The probability of a photon splitting to a quark-antiquark pair is computed from QFT.
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DIPOLE MODEL

To compute the cross section of the interaction, we are missing the σdipole-proton
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HOW DO WE OBTAIN THE 
DIPOLE-PROTON CROSS SECTION?



BK EQUATION

The BK equation governs the σdipole-proton, also called the scattering amplitude. 
(Thanks to the optical theorem)
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The main idea of the computation of the scattering amplitude is as follows:

1. Boost into a frame, where the dipole is at rest. Here the dipole is bare.
2. Then boost a bit, so that we add a bit energy into the system.
3. One of the quarks emits a gluon.
4. In the limit of high number of colors, this gluon fluctuates into another qq pair.
5. Two daughter dipoles are created. These contribute independently to the 

scattering amplitude



BK EQUATION

Schematically this means:
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Add a bit of energy High Nc limit

After some time, the initial 
dipole becomes dressed.



BK EQUATION

Mathematically, this realates to:
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This is the change of the scattering amplitude, when we add a bit of energy into the system. 



BK EQUATION

Mathematically, this realates to:
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Kernel is computed from QCD to reflect the probability of the gluon emission.



BK EQUATION

Okay, we know how to evolve to higher energy, but how about the initial condition?
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Initial shape of the scattering amplitude is obtained under some approximations  for 
example with the use of the MV model.

N MV (r)= 1− exp(
− (r 2Qs0

2 )γ

4 ln ( 1
r2 ΛQCD

2 + e))

Where Λ"#$, γ and 𝑄&'( are constants.



WHAT DOES IMPACT PARAMETER 
HAVE TO DO WITH ALL THIS?



IMPACT PARAMETER

Allowing the dependence of the scattering amplitude not only on transverse size and 
energy, but also on impact parameter makes things much more complicated.
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Option a) Factorizing impact parameter dependence.

If we factorize impact parameter dependence, we can integrate over it and replace it with 
a multiplicative factor.

This factor then stays the same for all energies and dipole sizes and is usually fit to
data.

Figure 1.8: Diagram for the color dipole after the emitted gluon splits into a quark-
antiquark pair in the limit of high number of colors and two daughter dipoles are
formed [33].

of the target proton. This will be the main motivation for studying the BK equation
in this work.

1.3.2 Impact parameter independent BK equation

The BK evolution equation is usually solved in the b-independent scheme [27]. In this
scheme, we assume the impact parameter dependence of the scattering amplitude
to factorize from the transverse size dependence as

N(~r,~b, x) ⇠= T (~b)N(~r, x) (1.14)

The integral over this impact parameter dependence can then be parametrized with
a variable �0. The formula for computation of the dipole cross section integrated
over the impact parameter plane then reduces to

�qq̄(~r, x) =

Z
d~bN(~r,~b, x) = �0N(x,~r). (1.15)

Another frequent approximation is that the size of the target proton is very big.
If we assume a proton with infinite size, no matter, how large impact parameter
we choose, the scattering amplitude will stay the same and will depend only on its
transverse size. This strong approximation however simplifies the situation a lot,
because then we are able to neglect the dependence of the scattering amplitude
on the impact parameter not only in the final integration, but as well in the BK
equation itself. In other words, under the assumption of an infinite proton size the
scattering amplitude reduces to

N(~r,~b, x) ⇠= N(~r, x). (1.16)
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IMPACT PARAMETER

Allowing the dependence of the scattering amplitude not only on transverse size and 
energy, but also on impact parameter makes things much more complicated.
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Option b) Solving the equation with the full impact parameter dependence.

This adds two additional dimension to the computation. The usual grid size in these two 
dimensions is 225x20. This then means, that the CPU time gets increased with a factor of 
4500.

the smallest dipole prescription was used throughout the computation according to

↵s = ↵s(rmin), (1.25)

where
rmin = min(r1, r2, r). (1.26)

This version of the BK equation allows us to resum large collinear logarithms as
well as incorporates the running coupling in its kernel. It does not however take
into consideration the inclusion of non-trivial impact parameter dependence of the
scattering amplitude and a finite-size of the target proton. The approach, that does
not neglect these e↵ects will be discussed in the following section.

1.3.4 Impact parameter dependent BK equation

The full rcBK evolution equation without neglecting the impact parameter depen-
dence reads

@N(~r,~b, Y )

@Y
=

Z
d~r1K

run(r, r1, r2)(N(~r1, ~b1, Y ) +N(~r2, ~b2, Y )�

�N(~r,~b, Y )�N(~r1, ~b1, Y )N(~r2, ~b2, Y )). (1.27)

In the approach of [37–39], a rotational symmetry of proton is also assumed and the
scattering amplitude then does not depend on the angle � as shown in Fig. 1.11.

Figure 1.11: Schematic view of the dipole interacting with a proton in the impact
parameter dependent scheme [33].

The equation in this approach becomes independent of the rotational angle as

@N(r,~b, Y )

@Y
=

Z
d~r1K

run(r, r1, r2)(N(r1, ~b1, Y ) +N(r2, ~b2, Y )�

�N(r,~b, Y )�N(r1, ~b1, Y )N(r2, ~b2, Y )). (1.28)
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IMPACT PARAMETER

Furthermore, we have to generalize our initial condition!
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The initial condition now depends in the size of b
as well as on the orientation of the angle θ.

We can still safely assume the rotational symmetry 
of the proton and neglect the dependence on ɸ.



IS THE BK EQUATION READY FOR 
ALL THIS?



BK CONSTRAINTS

The BK equation was derived in purely perturbative way (remember the kernel).
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Solving it at large values of impact parameter (distances) means, that the running 
coupling gets close to one and we get to non-perturbative region!

Is it a real problem? What if we try to run the equation as it is?



BK CONSTRAINTS
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BK CONSTRAINTS

Initial condition falls exponentially

22

Evolution increases the larger 
dipoles into a power-like 

growth.



BK CONSTRAINTS
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This would violate the Martin-Froisart bound (cross section would grow 
unreasonably fast)!

Is there something we can do to fix the non-perturbative regions?



KERNEL CUTOFF
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The simple solution to this problem is that we can cut the kernel, so that 
dipoles, that are too big would not contribute to the evolution.

2.3 Impact parameter dependent BK equation

I have then solved the BK equation without neglecting its impact parameter depen-
dence as described by the Eq. 1.28. I have solved it both with the original kernel as
well as with the kernel, that incorporates the confinement cuts for gluon mass [38]. I
have incorporated the soft contribution to the computation of the structure function
in this case and then compared it to data.

Solving this equation has proven to be extremely demanding on computational re-
sources due to a very large phase space region that needs to be covered in each step
of the evolution. Future incorporation of an angular asymmetry of the proton will
lead to a necessity of parallelising the computation and possibly to shifting to using
GPUs rather then CPUs.

For this approach the BK equation and dipole model, the initial condition of the
form [37]

N(r, b, Y = 0) = 1� exp[�cr2 exp(�db2)] (2.7)

was chosen, where c = 0.0643GeV2 and d = 1/8GeV2.

At first, we tried to use the same setup for this equation that was successful for
solving the running coupling BK equation (that is an approximation of the full BK
equation with impact parameter dependence).

However, if we try to evolve the scattering amplitude, we observe, that the depen-
dence of the scattering amplitude in b stops being exponentially decreasing and the
evolution shifts this decrease to a power law. Therefore, the resulting size of the
proton grows rapidly, as we evolve the scattering amplitude (as shown in Fig. 2.5)
superseding the Martin-Froisart bound emerging from the property of unitarity of
the cross section [33].

This unphysical behavior emerges from the fact, that the BK equation was postu-
lated in perturbative QCD, where a small value of the strong coupling constant ↵s is
assumed. When we however reach the region of large b, the corresponding coupling
constant is too large and we reach a purely non-perturbative region.

In this region, the BK equation looses its meaning and we cannot rely anymore on
its predictions. To fix this problem, one has to impose confinement onto the kernel of
the BK equation. This is usually done with the addition of a cuto↵ in transverse size
to the daughter dipoles that can emerge from the mother dipole [38]. The equation
then becomes

@N(r,~b, Y )

@Y
=

Z
d~r1K

run(r, r1, r2)⇥

✓
1

m2
� r21

◆
⇥

✓
1

m2
� r22

◆

(N(r1, ~b1, Y ) +N(r2, ~b2, Y )�N(r,~b, Y )�N(r1, ~b1, Y )N(r2, ~b2, Y )), (2.8)

where the cuto↵ parameter m was set to be 0.35GeV.

The inclusion of this mass cuto↵ for gluons fixes the large-b behavior of the scattering
amplitude and restricts the size of the proton as can be seen from Fig. 2.6.
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KERNEL CUTOFF
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Mass of the emitted gluon is a free parameter, that 
is fitted to data.

Does this remedy solve the problem?



KERNEL CUTOFF
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By imposing the cutoff of the 
kernel, we maintain the 
exponential falloff of the 

scattering amplitude.



WHAT DO THE DATA SAY TO THIS?



STRUCTURE FUNCTION
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Figure 2.6: The dependence of the b-dependent BK equation with respect to the
impact parameter. The confinement cut was considered in this computation, which
fixed the large-b behavior of the scattering amplitude.

the scattering amplitude to be unity for dipole sizes r > 1/m. Since this inclusion
of large dipoles lacks the b-dependence, it has to be normlaized with a constant �0

just as was done for the impact parameter independent BK equation.

The total structure function is then computed as

F2 = FBal

2 + F soft

2 . (2.11)

The contribution of the soft term is significant especially in the regions of high-x.
The amount of the soft contribution to the structure function is shown in Fig. 2.9
and the final structure function is confronted with data in Fig. 2.10.

40



STRUCTURE FUNCTION
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Figure 2.5: The dependence of the b-dependent BK equation with respect to the
impact parameter. We can see, that the initial exponential decrease of the scattering
amplitude is changed to a power law with evolution.

If we then impose the same cut on the initial condition, this then becomes

N(r, b, Y = 0) = 1� exp[�cr2 exp(�db2)]⇥

✓
1

m2
� r2

◆
. (2.9)

This initial condition was then used for the evolution with the kernel, that incor-
porates confinement e↵ects. See Fig. 2.7 for the scattering amplitude cut in r for
various values of rapidity, Fig. 2.6 for the scattering amplitude cut in b and Fig. 2.8
for the scattering amplitude plotted against r and b simultaneously.

In order to compute the structure function from the scattering amplitude in the
b-dependent scenario, we must take into an account the fact, that we e↵ectively
disregarded the contribution of large dipoles by imposing the confinement cut on
the kernel in Eq. 2.8. In order to account for these dipoles, we add an extra term
to the structure function apart from the one outlined in Sec. 1.2.2, that we denote
FBal

2 . The new term is denoted F soft

2 and is obtained as [33]

F soft

2 =
Q2

2⇡↵em

�0

Z

1
m

rdr

Z 1

0

dz(| L|2 + | T |2), (2.10)

where �0 = 75.98 GeV�2,  L and  T are the photon wavefunctions as described in
Sec. 1.2.2 and ↵em = 1/137. This addition e↵ectively means, that we are assuming
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and

|  i

L
(z,~r,Q2) |2= 3↵em

2⇡2
e2
qi
(4Q2z2(1� z)2K2

0(✏r)) (1.7)

for the transverse and longitudinal polarization of the incoming photon respectively.

Here z is the fraction of the total momentum carried by the quark, K0 and K1

are the MacDonald functions, Q2 is the virtuality of the probing photon, eqi is the
fractional charge (in units of elementary charge) of quark i, ↵em = 1/137 and

✏2 = z(1� z)Q2 +m2
qi
, (1.8)

where mqi is the mass of the considered quark. The total wave function then is

|  i

T,L
(z,~r) |2=|  i

T
(z,~r) |2 + |  i

L
(z,~r) |2 . (1.9)

The second factorized term is the cross section of the dipole-hadron interaction
�qq̄(r, x). This variable contains all the information about the QCD processes of
the interaction and contains both the perturbative and non-perturbative part of the
collision. In this work, we will use the fact, that due to the optical theorem, one can
link the cross section to the scattering amplitude as

�qq̄(~r,~b, x) = 2N(~r,~b, x), (1.10)

where N(~r,~b, x) can be obtained from various models (such as MV or GBW) at a
fixed energy and then evolved via the Balitsky-Kovchegov evolution equation as will
be discussed in the following chapters.

The structure function of a proton is then computed by integrating the photon-color
dipole wavefunction and the cross section of the quark-antiquark dipole scattering
of the proton target over all transverse dipole sizes ~r, all possible values of impact
parameter~b and over all possible values of the fractional momentum of photon z [27].

It is furthermore usual to shift the value of the x at which the structure function
and reduced cross section is computed according to the photoproduction kinematic
shift [26]

x̃ = x

✓
1 +

4m2
f

Q2

◆
, (1.11)

where mf is the mass of the considered quark and Q2 is the virtuality.

Using the dipole cross-section �qq̄(~r,~b, x) we can compute the structure function F2

as shown in Eq. 1.12 and this can then be measured experimentally.

F2(x,Q
2) =

Q2

4⇡2↵em

Z X

i

d~rd~bdz |  i

T,L
(z,~r) |2 �qq̄(~r,~b, x̃), (1.12)

The reduced cross-section is obtained from the relation [27]

�r(x, y,Q
2) = F2(x,Q

2)� y2

1 + (1� y)2
FL(x,Q

2), (1.13)
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Figure 2.5: The dependence of the b-dependent BK equation with respect to the
impact parameter. We can see, that the initial exponential decrease of the scattering
amplitude is changed to a power law with evolution.
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of large dipoles lacks the b-dependence, it has to be normlaized with a constant �0

just as was done for the impact parameter independent BK equation.

The total structure function is then computed as

F2 = FBal

2 + F soft

2 . (2.11)

The contribution of the soft term is significant especially in the regions of high-x.
The amount of the soft contribution to the structure function is shown in Fig. 2.9
and the final structure function is confronted with data in Fig. 2.10.
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Figure 2.6: The dependence of the b-dependent BK equation with respect to the
impact parameter. The confinement cut was considered in this computation, which
fixed the large-b behavior of the scattering amplitude.

the scattering amplitude to be unity for dipole sizes r > 1/m. Since this inclusion
of large dipoles lacks the b-dependence, it has to be normlaized with a constant �0

just as was done for the impact parameter independent BK equation.

The total structure function is then computed as

F2 = FBal

2 + F soft

2 . (2.11)

The contribution of the soft term is significant especially in the regions of high-x.
The amount of the soft contribution to the structure function is shown in Fig. 2.9
and the final structure function is confronted with data in Fig. 2.10.
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Figure 2.5: The dependence of the b-dependent BK equation with respect to the
impact parameter. We can see, that the initial exponential decrease of the scattering
amplitude is changed to a power law with evolution.

If we then impose the same cut on the initial condition, this then becomes

N(r, b, Y = 0) = 1� exp[�cr2 exp(�db2)]⇥
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This initial condition was then used for the evolution with the kernel, that incor-
porates confinement e↵ects. See Fig. 2.7 for the scattering amplitude cut in r for
various values of rapidity, Fig. 2.6 for the scattering amplitude cut in b and Fig. 2.8
for the scattering amplitude plotted against r and b simultaneously.

In order to compute the structure function from the scattering amplitude in the
b-dependent scenario, we must take into an account the fact, that we e↵ectively
disregarded the contribution of large dipoles by imposing the confinement cut on
the kernel in Eq. 2.8. In order to account for these dipoles, we add an extra term
to the structure function apart from the one outlined in Sec. 1.2.2, that we denote
FBal

2 . The new term is denoted F soft

2 and is obtained as [33]
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where �0 = 75.98 GeV�2,  L and  T are the photon wavefunctions as described in
Sec. 1.2.2 and ↵em = 1/137. This addition e↵ectively means, that we are assuming
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The second factorized term is the cross section of the dipole-hadron interaction
�qq̄(r, x). This variable contains all the information about the QCD processes of
the interaction and contains both the perturbative and non-perturbative part of the
collision. In this work, we will use the fact, that due to the optical theorem, one can
link the cross section to the scattering amplitude as

�qq̄(~r,~b, x) = 2N(~r,~b, x), (1.10)

where N(~r,~b, x) can be obtained from various models (such as MV or GBW) at a
fixed energy and then evolved via the Balitsky-Kovchegov evolution equation as will
be discussed in the following chapters.

The structure function of a proton is then computed by integrating the photon-color
dipole wavefunction and the cross section of the quark-antiquark dipole scattering
of the proton target over all transverse dipole sizes ~r, all possible values of impact
parameter~b and over all possible values of the fractional momentum of photon z [27].

It is furthermore usual to shift the value of the x at which the structure function
and reduced cross section is computed according to the photoproduction kinematic
shift [26]
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representing the scale of the process, one has to choose the negative square of its
four-momenta.

Another important variable is the Bjorken x, which in the infinite momentum frame
corresponds to the fraction of the momentum carried by the considered parton with
respect to the total momentum of the proton.

x =
Q2

2P · q =
Q2

Q2 +W 2 �m2
p

, (1.4)

where mp is the mass of the proton and P is the four-momentum of the proton. In
the definition of x, we have also utilized the variable W 2, which gives us the total
energy that is given to the hadron in the CMS frame as shown in Eq. 1.5

W 2 = (P + q)2. (1.5)

1.2.2 Dipole model

The dipole model addresses the problematic of DIS in the following way. In this
framework, the incoming virtual photon fluctuates into a quark-antiquark color
dipole, which then exchanges a colorless object with the target proton (see Fig. 1.6).
This colorless object is in the first approximation represented by a pair of gluons,
even though in reality, its structure is far more complicated.

The dipole interacting with the target proton is characterized by its transverse size
~r, impact parameter of the interaction ~b and energy (in our case represented via its
rapidity Y ).

�r

q

q

P

Figure 1.6: Color dipole fluctuating from the virtual photon.

Due to the fact, that the dipole lives much longer than the typical interaction time,
we can factorize the total cross section of the interaction into separate terms. First
of the factorized terms then are the wave functions, that represent the probability
of a virtual photon splitting into a quark-antiquark dipole, which read [26]
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It is furthermore usual to shift the value of the x at which the structure function
and reduced cross section is computed according to the photoproduction kinematic
shift [26]

x̃ = x

✓
1 +

4m2
f

Q2

◆
, (1.11)

where mf is the mass of the considered quark and Q2 is the virtuality.

Using the dipole cross-section �qq̄(~r,~b, x) we can compute the structure function F2

as shown in Eq. 1.12 and this can then be measured experimentally.

F2(x,Q
2) =

Q2

4⇡2↵em

Z X

i

d~rd~bdz |  i

T,L
(z,~r) |2 �qq̄(~r,~b, x̃), (1.12)

The reduced cross-section is obtained from the relation [27]

�r(x, y,Q
2) = F2(x,Q

2)� y2

1 + (1� y)2
FL(x,Q

2), (1.13)
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Figure 2.6: The dependence of the b-dependent BK equation with respect to the
impact parameter. The confinement cut was considered in this computation, which
fixed the large-b behavior of the scattering amplitude.

the scattering amplitude to be unity for dipole sizes r > 1/m. Since this inclusion
of large dipoles lacks the b-dependence, it has to be normlaized with a constant �0

just as was done for the impact parameter independent BK equation.

The total structure function is then computed as

F2 = FBal

2 + F soft

2 . (2.11)

The contribution of the soft term is significant especially in the regions of high-x.
The amount of the soft contribution to the structure function is shown in Fig. 2.9
and the final structure function is confronted with data in Fig. 2.10.
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CONCLUSIONS

• The BK evolution equation is one of the ways to solve the photon-
hadron interactions.

• Incorporating impact parameter brings many difficulties, such as
tremendous CPU time and necessity for a massive kernel-cutoff.

• The strong dependence of the results on the value of the cutoff
parameter m is a problem.

• We are currently working on solving the Kernel and initial condition
cutoff by imposing geometrical constraints in the impact parameter
plane.
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THANK YOU FOR YOUR ATTENTION

No matter what, don’t lose hope. We are all bombastic.

- Dan Nekonečný
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