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Source term estimation

• General model

y = M (x)

• Linear model

y = Mx

y − vector of measurements p × 1,

M − SRS matrix p × t,

x − source term t × 1.
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Regularized least squares

‖y −Mx‖2

→ x̂ols =
(
MTM

)−1
MTy

• matrix M sparse, ill-conditioned

• + positivity of x̂

• + constraints on norm of x̂

‖y −Mx‖2 + α‖x‖

• Tikhonov reg., LASSO, Elastic net, Eckhardt reg., ...
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Choice of the regularization parameter

‖y −Mx‖2 + α‖x‖; x ≥ 0

• Cross validation

• L-curve

• Discrepancy principle

• ...

• Bayesian estimate of x along with α
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Bayesian estimate

1. Observation model f (D|θ)

2. Prior distribution f (θ)

3. Bayes' rule:

f (θ|D) =
f (D|θ)f (θ)∫

Θ∗ f (D|θ)f (θ) dθ
.

4. Bayesian estimate

ĝ(θ) = Ef (θ|D)[g(θ)]
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Variational Bayes approximation

‖y −Mx‖2 + α‖x‖

f (x , α|y) =
f (y |x , α)f (x , α)∫

α∗×x∗
f (y |x , α)f (x , α) dxdα

• f (α|y), f (x |y) ?

• Approximation of marginals

f̃ (θi |D) ∝ exp
(
Ef̃ (θ/i |D) [lnf (θ,D)]

)
, i = 1, . . . q
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Choice of the prior distribution of x

1.

f (x) = tN (0, α−1It)

2.

f (x) = tN (0, diag([υ1, . . . , υt ])
−1)

3.

f (x) = tN
(
0,
(
LΥLT

)−1)
4.

f (x) = tN
(
x0,
(
LΥLT

)−1)
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Model LS-APC-x0
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IVB algorithm

f̃ (θi |D) = exp
(
Ef̃ (θ/i |D) [lnf (θ,D)]

)
, i = 1, · · · q,

f̃ (x |y) ∝ tN (µx ,Σx),

f̃ (lk |y) ∝ N (µl ,k , λ
−1
k ), k = 1, . . . , t − 1,

f̃ (υk |y) ∝ G(αk , βk), k = 1, . . . , t

f̃ (ξk |y) ∝ G(γk , δk), k = 1, . . . , t − 1

f̃ (ω|y) ∝ G(ϑ, ρ).

• A system of 17 equations for moments and shaping

parameters:

Σx , µx , x̂ , x̂x ′, µl , λ, l̂ , l̂ l ′

γ, δ, ξ̂, α, β, Υ̂, ϑ, ρ, ω̂,
10



ETEX
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ETEX � source term estimate
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ETEX � source term estimate
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ETEX � sensitivity to the parameter α
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Source localization � Hungary 2011
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• M1, . . . ,M2500

• ‖y −M i x̂ i‖2
• Marginal likelihood (evidence) f (y) for M i
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Source localization � Hungary 2011
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Source term estimate � Hungary 2011
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Thank you for your attention
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